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Abstract
We consider the multiple M2-branes wrapped on a compact Riemann surface
and study the arising quantum mechanics by taking the limit where the size of
the Riemann surface goes to zero. The IR quantum mechanical models resulting
from the BLG-model and the ABJM-model compactified on a torus are N = 16
and N = 12 superconformal gauged quantum mechanics. After integrating out
the auxiliary gauge fields we find OSp(16|2) and SU(1, 1|6) quantum mechanics
from the reduced systems. The curved Riemann surface is taken as a holomor-
phic curve in a Calabi-Yau space to preserve supersymmetry and we present
a prescription of the topological twisting. We find the N = 8 superconfor-
mal gauged quantum mechanics that may describe the motion of two wrapped
M2-branes in a K3 surface.
1tadashi@theory.caltech.edu
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1 Introduction
M2-brane appears to be a fundamental object in M-theory in the sense that it can
be identified with the fundamental string after the compactification of M-theory to
type IIA string theory [1]. In the past decade some progress has been made in finding
the low-energy world-volume descriptions for multiple M2-branes. Inspired by the
work in [2] and [3], Bagger, Lambert and Gustavsson discovered the three-dimensional
N = 8 superconformal Chern-Simons-matter theory, the so-called BLG-model [4, 5, 6,
7, 8]. Subsequently Aharony, Bergman, Jafferis and Maldacena constructed the three-
dimensional N = 6 superconformal Chern-Simons-matter theory, the so-called ABJM-
model [9]. Since then the BLG-model and the ABJM-model have been proposed as
the low-energy effective world-volume theories of multiple planar M2-branes.
In this paper we study more general M2-branes wrapping a compact Riemann
surface Σg of genus g. For g 6= 1 the world-volume of the M2-branes is curved and
the Riemann surface has to be taken as a holomorphic curve in a Calabi-Yau manifold
to preserve supersymmetry. The construction of such world-volume theories on the
wrapped branes can be implemented as topologically twisted theories [10]. For the
2
world-volume descriptions of wrapped M2-branes, we can take the further limit where
the energy scale is much smaller than the inverse size of the Riemann surface. This
implies that the Riemann surface shrinks to zero and thus the three-dimensional world-
volume theories reduce to a one-dimensional field theories, i.e. quantum mechanics.
The purpose of the present paper is to derive and study the emerging IR quantum
mechanics by reducing the BLG-model and the ABJM-model.
It has been argued in [11] that there exist IR fixed points with AdS2 factors in
d = 11 supergravity solutions describing the M2-branes wrapping Σg which are grav-
ity dual to superconformal quantum mechanics (SCQM). Quite interestingly we show
that our low-energy effective quantum mechanics possesses a one-dimensional super-
conformal symmetry. Generally superconformal quantum mechanics is characterized
by a supergroup that contains a one-dimensional conformal group SL(2,R) and an R-
symmetry group as factored bosonic subgroups. The first detailed analysis for a simple
conformal quantum mechanical model, the so-called DFF-model is found in [12] and
there has been a number of attempts to construct superconformal mechanics since the
earliest work of [13, 14]. One of the most powerful way to build such superconformal
quantum mechanics is to resort to superspace and superfield formalism. However, it
is unreasonable and unsuccessful for highly supersymmetric cases with N > 8 su-
persymmetry because it is extremely difficult to pick up irreducible supermultiplets
by imposing the appropriate constraints on the superfields [15]. Remarkably we find
that such highly extended superconformal quantum mechanical models arise from the
M2-branes wrapping a torus and that our reduced quantum mechanical actions agree
with the predicted form for N > 4 SCQM in [16, 17, 18].
This paper is organized as follows. In section 2 we review the BLG-model [4,
5, 6, 7, 8] and the ABJM model [9]. In section 3 we study the multiple M2-branes
wrapped around a torus. From the BLG-model we find that the low-energy dynamics
is described by N = 16 superconformal gauged quantum mechanics. Furthermore we
show that OSp(16|2) superconformal quantum mechanics appears from the reduced
system after integrating out the auxiliary gauge field. Similarly from the ABJM-model
N = 12 superconformal gauged quantum mechanics makes an entrance at low-energy
and we find the reduced quantum mechanics with SU(1, 1|6) symmetry. In section
4 we clarify the description for curved M2-branes wrapping a holomorphic curve in
a Calabi-Yau manifold. We discuss the amount of preserved supersymmetries and
establish a prescription for the topological twisting. In section 5 we examine the two
M2-branes wrapped on a Riemann surface of genus g > 1 embedded in a K3 surface in
detail. Finally in section 6 we conclude and discuss some directions for future research.
3
2 World-volume theories of M2-branes
2.1 BLG-model
The BLG-model is a three-dimensional N = 8 superconformal Chern-Simons-matter
theory proposed as a low energy world-volume theory of multiple M2-branes [4, 5, 6,
7, 8]. It is based on a 3-algebra A, which is an N dimensional vector space endowed
with a trilinear skew-symmetric product [A,B,C] satisfying
[A,B, [C,D,E]] = [[A,B,C], D, E] + [C, [A,B,D], E] + [C,D, [A,B,E]]. (2.1)
This is called the fundamental identity and extends the Jacobi identity of Lie algebras
to the 3-algebras. If we let T a, a = 1, · · · , N be a basis of the algebra, the 3-algebra
is specified by the structure constants fabcd
[T a, T b, T c] = fabcdT
d. (2.2)
With the structure constant, the fundamental identity (2.1) can be expressed as
fabghf
cde
g = f
abc
gf
gde
h + f
abd
gf
cge
h + f
abe
gf
cdg
h (2.3)
Classification of the 3-algebras A requires finding the solutions to the fundamental
identity (2.3) for the structure constants fabcd.
In order to derive the equations of motion of the BLG-model from a Lagrangian
description, a bi-invariant non-degenerate metric hab on the 3-algebra A is needed. Bi-
invariance requires the metric to satisfy fabceh
ed + f bcdeh
ae = 0. This implies that the
tensor fabcd ≡ fabcehed is totally anti-symmetric. The metric hab arises by postulating
a non-degenerate, bilinear scalar product Tr( , ) on the algebra A:
hab = Tr(T a, T b). (2.4)
The Lagrangian of the BLG-model is specified by the structure constant fabcd and the
bi-invariant metric hab.
The field content of the BLG-model is eight real scalar fields XI = XIaT
a, I =
1, · · · , 8 , fermionic fields ΨA˙a = ΨA˙aT a, A˙ = 1, · · · , 8 and non-propagating gauge
fields Aµab, µ = 0, 1, 2. The bosonic scalar fields X
I and the fermionic fields ΨA˙
are 8v and 8c of an SO(8) R-symmetry respectively. Also they are the fundamental
representations of the 3-algebra. Gauge fields Aµab are the 3-algebra valued world-
volume vector fields. They are anti-symmetric under two indices a, b of the 3-algebra
Aµab = −Aµba.
ΨA˙a is defined as an SO(1, 10) Majorana fermion and its conjugate is given by
Ψ := ΨTC (2.5)
4
where C is the SO(1, 10) charge conjugation matrix satisfying
CT = −C, CΓMC−1 = −(ΓM)T . (2.6)
Gamma matrix ΓM is the representation of the SO(1, 10) Clifford algebra
{ΓM ,ΓN} = 2ηMN , Γ10 := Γ0···9 (2.7)
where ηMN = diag(−1,+1,+1, · · · ,+1). ΓM can be decomposed as
Γ
µ = γµ ⊗ Γ˜9 µ = 0, 1, 2
ΓI = I2 ⊗ Γ˜I−2 I = 3, · · · , 10
(2.8)
where
γ0 =
(
0 1
−1 0
)
= iσ2, γ
1 =
(
0 1
1 0
)
= σ1, γ
2 =
(
1 0
0 −1
)
= σ3 (2.9)
and Γ˜I is the SO(8) 16 × 16 gamma matrix whose chirality matrix is defined as
Γ˜9 := Γ˜1···8. Correspondingly the charge conjugation matrix can be expanded as
C = γ0 ⊗ C˜ (2.10)
where C˜ denotes the SO(8) charge conjugation matrix satisfying
C˜T = C˜, C˜Γ˜IC˜−1 = −(Γ˜I)T . (2.11)
The fermionic field Ψ is the real 1
2
· 2[ 112 ] = 32-component Majorana spinor of eleven-
dimensional space-time obeying the chirality condition
Γ012Ψ = −Ψ. (2.12)
Although at this stage Ψ has sixteen independent real components, they are reduced
to eight when we treat it on-shell. From (2.8) it follows that
Γ012 = Γ34···10 = I2 ⊗ Γ˜9 (2.13)
and
Γ34···10Ψ = −Ψ. (2.14)
This implies that Ψ is the conjugate spinor representation 8c of the SO(8)R R-
symmetry group.
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The Lagrangian of the BLG-model is
LBLG =− 1
2
DµXIaDµX
I
a +
i
2
Ψ
a
A˙Γ
µ
A˙B˙
DµΨB˙a
+
i
4
ΨA˙bΓ
IJ
A˙B˙
XIcX
J
dΨB˙af
abcd − V (X) + LTCS (2.15)
where
V (X) =
1
12
fabcdf efgdX
I
aX
J
b X
K
c X
I
eX
J
fX
K
g (2.16)
LTCS =1
2
ǫµνλ
(
fabcdAµab∂νAλcd +
2
3
f cdagf
efgbAµabAνcdAλef
)
. (2.17)
The covariant derivative is defined as
DµXa := ∂µXa − A˜bµaXb (2.18)
where A˜aµb := f
cda
bAµcd. Although the kinetic term of the gauge fields is similar to
the conventional Chern-Simons term, it is twisted by the structure constant of the
3-algebra. The gauge fields are non-propagating since they have at most first order
derivative terms.
The supersymmetry transformations of the BLG-model are
δXIa = iǫAΓ
I
AB˙
ΨB˙a (2.19)
δΨA˙a = DµX
I
aΓ
µΓI
A˙B
ǫB − 1
6
XIbX
J
c X
K
d f
bcd
aΓ
IJK
A˙B
ǫB (2.20)
δA˜bµa = iǫAΓµΓ
I
AB˙
XIcΨB˙df
cdb
a (2.21)
where ǫ is the unbroken supersymmetry parameter obeying the chirality condition
Γ012ǫ = Γ34···10ǫ = ǫ. (2.22)
This means that ǫ transforms as the spinor representation 2 of the SL(2,R) and
transforms as the spinor representation 8s of the SO(8)R R-symmetry. The action
(2.15) is invariant under the supersymmetry transformations (2.19)-(2.21) up to a
surface term.
If we assume that (i) the metric hab of the 3-algebra A is positive definite so that
the kinetic term and the potential term are all positive, and that (ii) the dimension
N of the 3-algebra A is finite, then non-trivial 3-algebra A is uniquely determined as
[19, 20]
fabcd =
2π
k
ǫabcd =: fǫabcd (2.23)
hab = δab (2.24)
6
where the gauge indices a, b, · · · run from 1 to 4 and k is the integer valued Chern-
Simons level. This is called the A4 algebra. For the A4 algebra one can realize two
gauge groups, SO(4) = SU(2) × SU(2)/Z2 and Spin(4) = SU(2) × SU(2) [21]. The
moduli space for A4 BLG-model with level k is identified with [21]
Mk =


R8×R8
D2k
for SO(4)
R8×R8
D4k
for Spin(4).
(2.25)
The limitation on the rank of the gauge algebra may only allow the BLG-model to
describe two M2-branes in analogy with D-branes 2.
2.2 ABJM-model
The ABJM-model is a three-dimensional N = 6 superconformal U(N)k × Uˆ(N)−k
Chern-Simons-matter theory proposed as a generalization of the BLG-model in that
it may describe the dynamics of an arbitrary number of coincident M2-branes [9].
The theory has manifestly only N = 6 supersymmetry and the corresponding SU(4)R
R-symmetry at the classical level. It has been discussed that [9, 22, 23] at k = 1
and k = 2 these symmetries are enhanced to N = 8 supersymmetry and SO(8)R
R-symmetry as a quantum effect.
The theory contains four complex scalar fields Y A, four complex spinors ψA and two
different types of gauge fields Aµ and Aˆµ. Here the upper and lower indices A,B, · · · =
1, 2, 3, 4 denote 4 and 4 of the SU(4)R respectively. The matter fields are N × N
matrices so that Y A and ψA transform as (N ,N) bi-fundamental representations of
U(N)k× Uˆ(N)−k gauge group, while Y †A and ψ†A do as (N ,N). Aµ is a Chern-Simons
U(N) gauge field of level +k and Aˆµ is that of level −k. Also in the theory there is
a U(1)B flavor symmetry and the corresponding baryonic charges are assigned +1 for
bi-fundamental fields, −1 for anti-bi-fundamental fields and 0 for gauge fields.
The Lagrangian of the ABJM-model is given by [24]
LABJM =− Tr(DµY †ADµY A)− iTr(ψ†AγµDµψA)− Vferm − Vbos
+
k
4π
ǫµνλTr
[
Aµ∂νAλ +
2i
3
AµAνAλ − Aˆµ∂νAˆλ − 2i
3
AˆµAˆνAˆλ
]
(2.26)
2 In this paper we will focus on the A4 algebra, however, the Nambu-Poisson 3-algebra and the
Lorentzian 3-algebra have been proposed as the escapes from the restriction by relaxing the condition
on dimensionality and the requirement of a positive definite metric respectively.
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where
Vferm =− 2πi
k
Tr
(
Y †AY
Aψ†BψB − ψ†BY AY †AψB
− 2Y †AY Bψ†AψB + 2Y AY †BψAψ†B
− ǫABCDY †AψBY †CψD + ǫABCDY Aψ†BY Cψ†D
)
(2.27)
Vbos =− 4π
2
3k2
Tr
(
Y AY †AY
BY †BY
CY †C + Y
†
AY
AY †BY
BY †CY
C
+ 4Y AY †BY
CY †AY
BY †C − 6Y AY †BY BY †AY CY †C
)
. (2.28)
Here we use the Dirac matrix (γµ)α
β = (iσ2, σ1, σ3). The spinor indices are raised,
θα = ǫαβθβ , and lowered, θα = ǫαβθ
β with ǫ12 = −ǫ12 = 1. Note that this makes
the Dirac matrix γµαβ := (γ
µ)α
γǫβγ = (−I2,−σ3, σ1) symmetric and guarantees the
Hermiticity of the fermionic kinetic term. The covariant derivatives are defined by
DµY
A = ∂µY
A + iAµY
A − iY AAˆµ, DµψA = ∂µψA + iAµψA − iψAAˆµ
DµY
†
A = ∂µY
†
A − iAµY †A + iY †AAˆµ, Dµψ†A = ∂µψ†A − iAµψ†A + iψ†AAˆµ. (2.29)
The supersymmetry transformation laws are
δY A = iωABψB (2.30)
δY †A = iψ
†BωAB (2.31)
δψA = −γµωABDµY B + 2π
k
[
−ωAB(Y CY †CY B − Y BY †CY C) + 2ωCDY CY †AY D
]
(2.32)
δψ†A = DµY
†
Bω
ABγµ +
2π
k
[
−(YBY CY †C − Y †CY CY †B)ωAB + 2Y †DY AY †CωCD
]
(2.33)
δAµ =
π
k
(
−Y Aψ†BγµωAB + ωABγµψAY †B
)
(2.34)
δAˆµ =
π
k
(
−ψ†AY BγµωAB + ωABγµY †AψB
)
. (2.35)
The parameter ωAB is defined by
ωAB := ǫi(Γ
i)AB, ω
AB := ǫi(Γ
i∗)AB (2.36)
where the SL(2,R) spinor ǫi, i = 1, · · · , 6 transforms as the representation 6 under
the SU(4)R and Γ
i is the six-dimensional 4× 4 matrix satisfying
(Γi)AB = −(Γi)BA (2.37)
1
2
ǫABCD(Γi)CD = −(Γi†)AB = (Γi∗)AB (2.38){
Γi,Γj
}
= 2δij . (2.39)
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Note that the supersymmetry parameter ωAB obeys
ωAB = ω∗AB =
1
2
ǫABCDωCD. (2.40)
The moduli space of the U(N)k × Uˆ(N)−k ABJM-model is [9]
MN,k = (C
4/Zk)
N
SN
= SymN (C4/Zk). (2.41)
This can be identified with the moduli space of N indistinguishable M2-branes moving
in C4/Zk transverse space. Therefore the ABJM-model is expected to describe the low-
energy world-volume theory of N coincident M2-branes probing an orbifold C4/Zk.
The four complex scalar fields Y A represent the positions of the membranes in C4.
In [21] it has been discussed that if N and k are co-prime, then the vacuum moduli
space of the U(N)k× Uˆ(N)−k theory is equivalent to that of the SU(N)×SU(N)/ZN
theory. Consequently there are conjectural dualities between the ABJM theory and
the BLG theory
U(2)1 × Uˆ(2)−1 ABJM theory⇔ SO(4) BLG theory with k = 1 (2.42)
U(2)2 × Uˆ(2)−2 ABJM theory⇔ Spin(4) BLG theory with k = 2. (2.43)
These proposed dualities have been tested by the computations of the superconformal
indices [25]. Hence we may regard the SO(4) BLG-model with k = 1 as the world-
volume theory of two planar M2-branes propagating in a flat space.
3 SCQM from flat M2-branes
3.1 N = 16 superconformal mechanics
3.1.1 Derivation of quantum mechanics
We begin our discussion with the BLG-model in the case where the membranes wrap
a torus T 2 and propagate in a transverse space with an SO(8) holonomy group. In
this case the world-volume theory of M2-branes is given by the action (2.15) defined
on M3 = R× T 2.
In general a torus can be characterized by two periods in the complex plane. Such
periods are defined as the integration of a holomorphic differential ω along two canon-
ical homology basis a, b of a torus. Let us define the periods by∫
a
ω = 1,
∫
b
ω = τ (3.1)
9
where τ is the moduli of the torus and it should not be real.
In the following we want to consider the limit in which T 2 has vanishingly small
size and derive the low-energy effective one-dimensional theory on R. In order to
obtain such a theory we need to determine the configurations with the lowest energy.
Since we are now considering supersymmetric theories, the conditions are expressed
as the BPS equations. As we are interested in bosonic BPS configurations, we require
that the background values of the fermionic fields vanish. Then the bosonic fields
are automatically invariant under their supersymmetry transformations. Therefore
the BPS equations correspond to the vanishing of the supersymmetry transformations
(2.20) for fermionic fields. Also we discard the terms which include the covariant
derivatives with respect to time because we are now interested in the low energy
dynamics as a fluctuation around gauge invariant static configurations. Then one
finds the BPS equations
DzX
I
a = 0, DzX
I
a = 0 (3.2)
[XI , XJ , XK ] = 0. (3.3)
To go further we consider the SO(4) BLG-model that may describe two M2-branes.
In this case the Higgs fields transform as fundamental representations of the SO(4)
gauge group and we assume that these Higgs fields have non-zero values. Then the
generic solution to (3.3) is given by XIa =
(
XI1 , X
I
2 , 0, 0
)T
. For these solutions, the
remaining BPS equations (3.2) reduce to
∂zX
I
1 + A˜
1
z2X
I
2 = 0, ∂zX
I
2 − A˜1z2XI1 = 0 (3.4)
A˜1z3X
I
1 + A˜
2
z3X
I
2 = 0, A˜
1
z4X
I
1 + A˜
2
z4X
I
2 = 0 (3.5)
and their complex conjugates. First of all, the equations (3.4) tell us that the sum of
the squares (XI1 )
2+(XI2 )
2 for I = 1, · · · , 8 is independent of the locus of the Riemann
surface. Thus we can write
XI+21 + iX
I+2
2 = r
Iei(θ
I+ϕ(z,z)) (3.6)
where rI , θI ∈ R are constant on the torus and represent the configuration of the two
membranes in the I-th direction while ϕ(z, z) may depend on z and z. Furthermore
the equations (3.4) enable us to write A˜1z2 = ∂zϕ. The second set of equations (3.5)
forces us to turn off four of six gauge fields; A˜1z3 = A˜
2
z3 = A˜
1
z4 = A˜
2
z4 = 0. These
components of the gauge field become massive by the Higgs mechanism. Note that
the above set of solutions automatically satisfies the integrability condition for (3.2)
because the gauge field A˜1z2 is flat.
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One can find further restrictions by noting that the flat gauge fields A˜1z2 on a
torus have specific expressions. Cutting a torus along the canonical basis a and b,
the sections of a flat bundle are described by their transition functions, i.e. constant
phases around a and b. Thus they can be completely classified by their twists e2πiξ,
e−2πiζ on the homology along cycles a, b where ξ and ζ are real parameters. This
space is the torus C/Lτ where Lτ is the lattice generated by Z+ τZ. It is referred to
as the Jacobi variety of T 2 denoted by Jac(T 2). The twists on the homology can be
described as a point on the Jacobi variety. Hence the flat gauge field can be expressed
in the form [26]
A˜1z2 = −2π
Θ
τ − τ ω, A˜
1
z2 = 2π
Θ
τ − τ ω (3.7)
where Θ := ζ + τξ is the complex parameter representing the twists on the homology
along two cycles. Subsequently we can write
ϕ(z, z) = 2π
Θ
τ − τ z − 2π
Θ
τ − τ z. (3.8)
Recalling that the angular variable ϕ(z, z) in the XI1X
I
2 -plane characterizes the ratio
of two bosonic degrees of freedom for the two membranes, it must take same values
modulo 2πZ under the shifts z → z+1 and z → z+ τ around two cycles. This implies
that both the coordinates ξ and ζ can only have integer values, namely A˜1z2 and A˜
1
z2
are quantized. Therefore the generic BPS solutions are given by
XI+2 =


XIA
XIB
0
0

 =


cos(θI + ϕ(z, z))
sin(θI + ϕ(z, z))
0
0

 rI
A˜z =


0 −2π Θ
τ−τωz 0 0
2π Θ
τ−τωz 0 0 0
0 0 0 A˜3z4(z, z)
0 0 −A˜3z4(z, z) 0

 . (3.9)
Here A˜3z4 and A˜
3
z4 are the Abelian gauge fields associated with the preserved U(1)
symmetry and have no constraints from the BPS conditions. Taking into account
the bosonic configurations (3.9) and the supersymmetry transformations (2.19), we
introduce fermionic partners
Ψ± =


Ψ±A
Ψ±B
0
0

 , Ψ± =


Ψ
±
A
Ψ
±
B
0
0

 (3.10)
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where Ψ is the conjugate spinor defined by Ψ := ΨT C˜ in terms of the SO(8) charge
conjugation matrix C˜. Ψa+ and Ψ
+a
are the SO(2)E spinors with the positive chiralities
while Ψa− and Ψ
−a
carry the negative ones. Both of them transform as 8c of the SO(8)R.
Given the above static BPS configurations (3.9) and (3.10), we now wish to con-
sider the evolution of time and compactify the system on T 2. Substitution of the
configurations (3.9) and (3.10) into the action (2.15) yields
S =
∫
R
dt
∫
T 2
d2z
[
1
2
D0X
IaD0X
I
a −
i
2
Ψ
αa
D0Ψαa
− k
2π
A˜102F˜
3
zz4 −
k
4π
(
A˜1z2
˙˜A3z4 − A˜1z2 ˙˜A3z4
)]
(3.11)
where the Greek letters α = +,− denote the SO(2)E spinor indices. The terms in
the first line of the action (3.11) come from the kinetic terms of the BLG action while
those in the second correspond to the twisted topological Chern-Simons terms.
Firstly since the gauge fields A˜1z2 and A˜
1
z2 are quantized and their time derivatives do
not appear in the action, these fields are just auxiliary fields. Exploiting the equations
of motion they can be excluded and we find the constraints ˙˜A3z4 =
˙˜A3z4 = 0. Hence the
corresponding field strength F˜ 3zz4 has no time dependence. In order to dimensionally
reduce the theory on the torus, we rescale the fields as
XI
′
= R2XI , Ψ′αa = R
2Ψαa, Ψ
αa′
= R2Ψ
αa
(3.12)
where R is the circumference of the torus. Note that they get the canonical dimensions
in the reduced theory; the bosonic variable XI
′
has mass dimension −1/2 and the
fermionic variable Ψ′ acquires mass dimension 0.
Performing the integration on the torus by means of the Kaluza-Klein ansatz for
A˜120 and dropping the primes on the fields, one finds the effective action
S =
∫
R
dt
[
1
2
D0X
IaD0X
I
a −
i
2
Ψ
αa
D0Ψαa − kC1(E)A˜102
]
. (3.13)
Here
C1(E) =
∫
T 2
c1(E) :=
1
2π
∫
T 2
d2zF˜ 3zz4 (3.14)
is the Chern number resulting from the integration of the first Chern class c1(E) of the
U(1) principal bundle E → T 2 over the torus, which is associated with the preserved
U(1) gauge field A˜3z4.
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The action (3.13) is invariant under the one-dimensional conformal transformations
δt = f(t) = a + bt + ct2, δ∂0 = −f˙∂0 (3.15)
δXIa =
1
2
f˙XIa , δA˜
1
02 = −f˙ A˜102 (3.16)
δΨαa = 0, δΨ
αa
= 0 (3.17)
where f(t) is a quadratic function of time with real infinitesimal parameters a, b and
c.
Besides, the action (3.13) is invariant under the N = 16 supersymmetry transfor-
mations
δXIa = iǫ
+Γ˜IΨ−a − iǫ−Γ˜IΨ+a, δA˜102 = 0 (3.18)
δΨ+a = −D0XIa Γ˜Iǫ−, δΨ−a = D0XIa Γ˜Iǫ+. (3.19)
Therefore the resulting effective theory (3.13) takes the form ofN = 16 superconformal
gauged quantum mechanics with a Fayet-Iliopoulos (FI) term.
3.1.2 Reduced system with inverse-square interaction
Since the gauged mechanical action (3.13) is quadratic in the U(1) gauge field A˜102 and
does not involve the time derivative of it, A˜102 is identified with an auxiliary field and
has no contribution to the Hamiltonian. Hence the Hamiltonian is invariant under the
action of the corresponding U(1) gauge group on the phase spaceM. This means that
the corresponding moment map µ :M→ u(1)∗ is the integral of motion [27] and one
can reduce the given phase spaceM to a smaller oneMc = µ−1(c) with fewer degrees
of freedom by fixing the inverse of the moment map at a point c ∈ u(1)∗ 3.
In fact it is known that one-dimensional gauged matrix models give rise to the
alternative descriptions of the Calogero model and its generalizations as the reduced
systems [28, 29, 30]. In order to obtain our reduced system, we shall eliminate the
auxiliary field A˜102 in two steps; first we choose a specific gauge and then impose the
Gauss law constraint to ensure the consistency of the gauge fixing. Let us choose the
temporal gauge A˜0 = 0. Together with the solutions
A˜102 =
kC1(E) +
∑
I(r
I)2θ˙I + iΨ
α
AΨαB∑
I(r
I)2
(3.20)
A˜103 = A˜
1
04 = A˜
2
03 = A˜
2
04 = 0 (3.21)
3 The components of the moment map form a system being in involution since the gauge group
is Abelian. So we do not need to divide by the non-trivial coadjoint isotropy subgroup to obtain the
reduced phase space.
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to the equations of motion for A˜0, we can read off the Gauss law constraint
φ0 := kC1(E) +
∑
I
(rI)2θ˙I + iΨ
α
AΨαB = 0. (3.22)
This equation is the moment map condition. To see the physical meaning of this
constraint, we observe that (rI)2θ˙I represents the “angular momentum”, the SO(2)-
charge corresponding to the rotation in the XI1X
I
2 -plane while the fermionic bilinear
term iΨ
α
AΨαB produces the charge of the SO(2) rotational group of the two types of
fermionic variables ΨA and ΨB. Accordingly the equation (3.22) says that the total
SO(2) charge which rotates the internal degrees of freedom for the two M2-branes is
fixed by the Chern-Simons level k and the Chern number C1(E).
With the constraint function φ0, one can write a new Lagrangian by adding λφ0
where λ is the Lagrange multiplier. The resulting action is
S =
∫
R
dt
[
1
2
∑
I
(r˙I)2 +
1
2
∑
I
(rI θ˙I)2 − i
2
Ψ
αa
Ψ˙αa
+ λ
(
kC1(E) +
∑
I
(rI)2θ˙I + iΨ
α
AΨαB
)]
. (3.23)
The absence of the variables θI ’s in the action (3.23) immediately implies that they
are cyclic coordinates and their canonical momenta pθI = (r
I)2θ˙I are just the integrals
of motion.
It is possible to eliminate cyclic coordinates from the Lagrangian by constructing
a new Lagrangian, the so-called Routhian. The Routhian is a hybrid between the
Lagrangian and the Hamiltonian, defined by performing a Legendre transformation
on the cyclic coordinates
R(rI , r˙I , hI ,Ψ) := L(rI , r˙I , θ˙I ,Ψ)−
∑
I
θ˙IpθI . (3.24)
Due to the partial Legendre transformation, the variables rI and Ψ still follow the
Euler-Lagrange equations while the ignorable coordinates θI and their momenta hI :=
pθI obey the Hamilton equations. However, the latter set of equations results in
trivial statements; the constant property of hI (i.e. h˙I = 0) and the definition of hI
(i.e. θ˙I = h
I
(rI)2
). So classically the Routhian is not really R(rI , r˙I , hI ,Ψ) but rather
R(rI , r˙I ,Ψ) along with the integrals of motion hI ’s. Hence we can rewrite (3.23) as
S =
∫
R
dt
[
1
2
∑
I
(r˙I)2 − 1
2
∑
I
(hI)2
(rI)2
− i
2
Ψ
αa
Ψ˙αa + λ
(
kC1(E) +
∑
I
hI + iΨ
α
AΨαB
)]
.
(3.25)
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Integrating out λ, we finally obtain the reduced effective action
S =
1
2
∫
R
dt
[
q˙2 +
∑
I 6=K
(r˙I)2 − iΨαaΨ˙αa
−
[
kC1(E) +
∑
I 6=K h
I + iΨ
α
AΨαB
]2
q2
−
∑
I 6=K
(hI)2
(rI)2
]
. (3.26)
Here we have defined q := rK where K denotes the specific direction in which hK
is automatically determined by other conserved quantities hI ’s. Note that the terms
appearing in the numerator of the potential are the integrals of motion, namely they
commute with the Hamiltonian.
Let us study the classical properties of the theory (3.26). The action (3.26) leads
to the classical equations of motion
q¨ =
[kC1(E) +
∑
I 6=K h
I + iΨ
α
AΨαB]
2
q3
(3.27)
r¨I =
(hI)2
(rI)3
(3.28)
Ψ˙αA = −
[kC1(E) +
∑
I 6=K h
I + iΨ
α
AΨαB]
q2
ΨαB (3.29)
Ψ˙αB =
[kC1(E) +
∑
I 6=K h
I + iΨ
α
AΨαB]
q2
ΨαA. (3.30)
Making use of the equations of motion (3.29) and (3.30), one can check that the
differentiation of the Gauss law constraint (3.22) with respect to time t vanishes. In
other words, φ0 is the constant of motion.
The canonical momenta are
p :=
∂L
∂q˙
= q˙, pI :=
∂L
∂r˙I
= r˙I (3.31)
παa :=
~∂L
∂Ψ˙αa
=
i
2
Ψ
αa
, παa :=
~∂L
∂Ψ˙
αa =
i
2
Ψαa. (3.32)
The fermionic momenta παa and παa do not depend on the velocities but on the
fermionic degrees of freedom themselves. Hence one can read second-class constraints
φαa1 := π
αa − i
2
Ψ
αa
= 0, φ2αa := παa − i
2
Ψαa = 0. (3.33)
Under the constraints, we get the Dirac brackets
[q, p]DB = 1,
[
rI , pJ
]
DB
= δIJ (3.34)[
ΨαaA˙, π
βbB˙
]
DB
= −1
2
δαβδabδA˙B˙,
[
ΨαaA˙,Ψ
βbB˙
]
DB
= iδαβδabδA˙B˙. (3.35)
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The action (3.26) is invariant under the following one-dimensional conformal trans-
formations
δt = f(t) = a + bt + ct2, δ∂0 = −f˙∂0 (3.36)
δq =
1
2
f˙ q, δrI =
1
2
f˙rI (3.37)
δΨαa = 0, δΨ
αa
= 0. (3.38)
Here the constant parameters a, b and c are infinitesimal parameters of translation,
dilatation and conformal boost respectively. The corresponding Noether charges, the
Hamiltonian H , the dilatation operator D and the conformal boost operator K are
found to be
H =
1
2

p2 +
(
kC1(E) +
∑
I 6=K h
I + iΨ
α
AΨαB
)2
q2
+
∑
I 6=K
(
p2I +
(hI)2
(rI)2
) (3.39)
D = tH − 1
4
[
(qp+ pq) +
∑
I 6=K
(
rIpI + pIr
I
)]
(3.40)
K = t2H − 1
2
t
[
(qp+ pq) +
∑
I 6=K
(
rIpI + pIr
I
)]
+
1
2
[
q2 +
∑
I 6=K
(rI)2
]
. (3.41)
The operators D and K are the constants of motion in the sense that
∂D
∂t
+ [H,D]DB = 0,
∂K
∂t
+ [H,K]DB = 0. (3.42)
Note that the explicit time dependence of D and K can be absorbed into the similarity
transformations
D = eitHD0e
−itH , K = eitHK0e
−itH (3.43)
where
D0 := −1
4
[
(qp+ pq) +
∑
I 6=K
(
rIpI + pIr
I
)]
(3.44)
K0 :=
1
2
[
q2 +
∑
I 6=K
(rI)2
]
(3.45)
are time independent parts of D and K respectively. So we will use the time indepen-
dent parts as the explicit expressions for D and K and drop off the subscripts.
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The action (3.26) is invariant under the following fermionic transformations
δq =
i√
2
(
ǫ−Ψ−A − ǫ+Ψ+A
)
+
i√
2
(
ǫ−Ψ−B − ǫ+Ψ+B
)
(3.46)
δrI = i cos θI
(
ǫ+Γ˜IΨ−A − ǫ−Γ˜IΨ+A
)
+ i sin θI
(
ǫ+Γ˜IΨ−B − ǫ−Γ˜IΨ+B
)
(3.47)
δΨ+AA˙ = −
1√
2
(
q˙ − h
K
q
)
ǫ+A˙ −
i√
2
l
q
Ψ+BA˙ −
∑
I 6=K
(
r˙I cos θI − sin θI h
I
rI
)
Γ˜Iǫ−A˙
(3.48)
δΨ−AA˙ =
1√
2
(
q˙ − h
K
q
)
ǫ−A˙ −
i√
2
l
q
Ψ−BA˙ +
∑
I 6=K
(
r˙I cos θI − sin θI h
I
rI
)
Γ˜Iǫ+A˙
(3.49)
δΨ+BA˙ = −
1√
2
(
q˙ +
hK
q
)
ǫ+A˙ +
i√
2
l
q
Ψ+AA˙ −
∑
I 6=K
(
r˙I sin θI + cos θI
hI
rI
)
Γ˜Iǫ−A˙
(3.50)
δΨ−BA˙ =
1√
2
(
q˙ +
hK
q
)
ǫ−A˙ +
i√
2
l
q
Ψ−AA˙ +
∑
I 6=K
(
r˙I sin θI + cos θI
hI
rI
)
Γ˜Iǫ+A˙
(3.51)
where we have defined
θI(t) = hI
∫ t dt′
(rI(t′))2
(3.52)
l =
(
Ψ
+A
ǫ+ −Ψ−Aǫ−
)
−
(
Ψ
+B
ǫ+ −Ψ−Bǫ−
)
. (3.53)
We should note that the supersymmetry is generically non-local in the sense that the
transformations contain the integrals of the function of the non-local variables rI ’s
with respect to time. The non-locality is the consequence of the Routh reduction.
Hence the infinite number of the associated conserved charges may exist and things
may become much more exotic. However, as seen from the (3.39), the motion in
the K-th direction endowed with the local supersymmetry and others with non-local
ones are essentially decoupled because their Hamiltonians commute with each other.
Thus we can treat them separately. This indicates that the theory possesses the local
conserved supercurrents and the non-local supercurrents which are in involution.
3.1.3 OSp(16|2) superconformal mechanics
Now we want to study the K-th motion associated with the local charges and shed
light on the algebraic structure of the symmetry group in the quantum mechanics. For
simplicity let us consider the case where the all independent conserved charges hI ’s
17
are zeros. This is realized when the internal degrees of freedom for two M2-branes are
unbiased 4. The dynamics in the K-th direction is given by the action
S =
1
2
∫
R
dt
[
q˙2 − iΨαaΨ˙αa −
(
kC1(E) + iΨ
α
AΨαB
)2
q2
]
. (3.54)
The notable feature is that our reduced action (3.54) has the predicted form for N > 4
superconformal mechanical action discussed in [16, 17, 18].
The action (3.54) is invariant under the following N = 16 supersymmetry trans-
formation laws
δq =
i√
2
(
ǫ−Ψ−A − ǫ+Ψ+A
)
+
i√
2
(
ǫ−Ψ−B − ǫ+Ψ+B
)
(3.55)
δΨ+AA˙ = −
1√
2
(
q˙ +
g
q
)
ǫ+A˙ −
i√
2
l
q
Ψ+BA˙ (3.56)
δΨ−AA˙ =
1√
2
(
q˙ +
g
q
)
ǫ−A˙ −
i√
2
l
q
Ψ−BA˙ (3.57)
δΨ+BA˙ = −
1√
2
(
q˙ − g
q
)
ǫ+A˙ +
i√
2
l
q
Ψ+AA˙ (3.58)
δΨ−BA˙ =
1√
2
(
q˙ − g
q
)
ǫ−A˙ +
i√
2
l
g
Ψ−AA˙ (3.59)
where
g = kC1(E) + iΨ
α
AΨαB. (3.60)
These supersymmetry transformations are local and we therefore can apply the con-
ventional Noether’s procedure. By means of the Noether’s method, the corresponding
supercharges are calculated to be
Q+A˙ =
i√
2
(
p+
g
q
)
Ψ+AA˙ +
i√
2
(
p− g
q
)
Ψ+BA˙ (3.61)
Q−A˙ = −
i√
2
(
p+
g
q
)
Ψ−AA˙ −
i√
2
(
p− g
q
)
Ψ−BA˙. (3.62)
Since the action (3.54) is invariant under the conformal transformations δt = f(t),
δq = 1
2
f˙ q and δΨαa = 0, three generators, the Hamiltonian H , the dilatation generator
D and the conformal boost generator K are explicitly expressed as
H =
1
2
p2 +
[
kC1(E) + iΨ
α
AΨαB
]2
2q2
(3.63)
D = −1
4
{q, p} (3.64)
K =
1
2
q2 (3.65)
4This specific charge assignment does not affect the following discussion for the K-th motion since
non-vanishing hI ’s can only give rise to a constant shift in the numerator of the potential.
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where {, } represents an anti-commutator.
In order to quantize the theory, we impose the (anti)commutation relations for the
canonical variables obtained from the Dirac brackets (3.34) and (3.35)
[q, p] = i,
{
ΨαaA˙,Ψ
βbB˙
}
= −δαβδabδA˙B˙. (3.66)
The presence of the conformal symmetry and the supersymmetry leads to that of
a superconformal symmetry. Let us define the superconformal boost generators
S+A˙ =
i√
2
q
(
Ψ+AA˙ +Ψ+BA˙
)
(3.67)
S−A˙ = −
i√
2
q
(
Ψ−AA˙ +Ψ−BA˙
)
. (3.68)
Additionally the theory has the internal R-symmetry which rotates the fermionic
charges. We define the R-symmetry generators by
(Jαβ)A˙B˙ = (Jαβ)
(1)
A˙B˙
+ (Jαβ)
(2)
A˙B˙
(3.69)
where
(Jαβ)
(1)
A˙B˙
= iΨαaA˙Ψ
βaB˙
, (Jαβ)
(2)
A˙B˙
= iΨ
αaA˙
ΨβaB˙. (3.70)
Notice that the R-symmetry generators satisfy the relations
(J++)A˙B˙ = −(J++)B˙A˙ (3.71)
(J−−)A˙B˙ = −(J−−)B˙A˙ (3.72)
(J+−)A˙B˙ = −(J−+)B˙A˙ (3.73)
and therefore the matrices J++, J−− and J−+ contain 28, 28 and 64 independent
entries respectively while J−+ yields no independent ones because of the relations
(3.73). Therefore the R-symmetry matrix totally carries 28+ 28 + 64 = 120 elements.
Using the canonical (anti)commutation relations (3.66), one can find the complete
set of (anti)commutators among the generators
[H,D] = iH, [K,D] = −iK, [H,K] = 2iD (3.74)
[(Jαβ)A˙B˙, H ] = 0, [(Jαβ)A˙B˙, D] = 0, [(Jαβ)A˙B˙, K] = 0 (3.75)
[(Jαβ)A˙B˙, (Jγδ)C˙D˙] = i(Jγβ)C˙B˙δαδδA˙D˙ − i(Jαδ)A˙D˙δβγδB˙C˙
+ i(Jδβ)D˙B˙δαγδA˙C˙ − i(Jαγ)A˙C˙δβδδB˙D˙ (3.76)
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[H,QαA˙] = 0, [D,QαA˙] = − i2QαA˙, [K,QαA˙] = iSαA˙
[H,Q
αA˙
] = 0, [D,Q
αA˙
] = − i
2
Q
αA˙
, [K,Q
αA˙
] = iS
αA˙ (3.77)
[H,SαA˙] = −iQαA˙, [D,SαA˙] = i2SαA˙, [K,SαA˙] = 0
[H,S
αA˙
] = −iQαA˙ [D,SαA˙] = i
2
S
αA˙
, [K,S
αA˙
] = 0
(3.78)
{QαA˙, Q
βB˙} = 2HδαβδA˙B˙
{SαA˙, S
βB˙} = 2KδαβδA˙B˙
{QαA˙, S
βB˙} = −2DδαβδA˙B˙ + (Jαβ)(1)A˙B˙ (δαβ − δα−β)−
i
2
δαβδA˙B˙
{QαA˙, SβB˙} = −2DδαβδA˙B˙ + (Jαβ)(2)A˙B˙ (δαβ − δα−β)−
i
2
δαβδA˙B˙ (3.79)
[(Jαβ)A˙B˙, QγC˙ ] = i
(
QβB˙δαγδA˙C˙ −QαA˙δβγδB˙C˙
)
[(Jαβ)A˙B˙, SγC˙ ] = i
(
SβB˙δαγδA˙C˙ − SαA˙δβγδB˙C˙
)
[(Jαβ)A˙B˙, Q
γC˙
] = −i
(
Q
βB˙
δαγδA˙C˙ −Q
αA˙
δβγδB˙C˙
)
[(Jαβ)A˙B˙, S
γC˙
] = −i
(
S
βB˙
δαγδA˙C˙ − S
αA˙
δβγδB˙C˙
)
. (3.80)
The Hamiltonian H , the dilatation generator D and the conformal boost generator
K satisfy the one-dimensional conformal algebra (3.74). By defining
T0 =
1
2
(
K
a
+ aH
)
(3.81)
T1 = D (3.82)
T2 =
1
2
(
K
a
− aH
)
(3.83)
with a being a constant with dimension of length, one finds the explicit representation
of the so(1, 2) algebra
[Ti, Tj ] = iǫijkT
k (3.84)
where ǫijk is a three-index anti-symmetric tensor with ǫ012 = 1 and gij = diag(1,−1,−1).
Alternatively if we introduce
L0 =
1
2
(aH +
K
a
) (3.85)
L± =
1
2
(
aH − K
a
± 2iD
)
, (3.86)
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then we get the explicit representation of the sl(2,R) algebra in the Virasoro form
[Lm, Ln] = (m− n)Lm+n (3.87)
with m,n = 0,±1.
As the superpartners of the conformal generators there are sixteen supercharges
QαA˙ and as many superconformal generators SαA˙. As seen from (3.75) and (3.80),
the R-symmetry generators (Jαβ)A˙B˙ commute with the bosonic generators H , D and
K while they yield the rotations of the fermionic generators QαA˙ and SαA˙. The com-
mutation relation (3.76) implies that (Jαβ)A˙B˙ obey the so(16) algebra. Therefore we
can conclude that the theory (3.54) is the OSp(16|2) invariant N = 16 supercon-
formal mechanics. Indeed this fits in the list of the possible simple supergroup for
superconformal quantum mechanics [31, 32].
We see that the R-symmetry is now enhanced in our quantum mechanics. In-
terestingly a similar phenomenon has been already observed in d = 11 supergravity.
In d = 11 supergravity the original tangent space symmetry SO(1, 10) can break
down into the subgroup SO(1, 2) × SO(8) through a partial choice of gauge for the
elfbein. However, it has been pointed out in [33, 34, 35] that one can find the en-
hanced SO(1, 2)×SO(16) tangent space symmetry by introducing new gauge degrees
of freedom. It would be intriguing to inquire whether the enlarged R-symmetry of our
quantum mechanics reflects that of d = 11 supergravity.
3.2 N = 12 superconformal mechanics
3.2.1 Derivation of quantum mechanics
Let us consider the U(N)k×Uˆ(N)−k ABJM-model on R×T 2. The theory may describe
the dynamics of N coincident M2-branes with the world-volume M3 = R×T 2 moving
in a transverse space with an SU(4) holonomy. We now want to derive the low-energy
effective theory describing the dynamics around static BPS configurations. Such BPS
configurations obey the BPS equations. From the supersymmetry transformations
(2.32), (2.33) for fermions we find the following set of BPS equations:
DzY
A = 0, DzY
A = 0 (3.88)
Y CY †CY
B − Y BY †CY C = 0 (3.89)
Y CY †AY
D = 0. (3.90)
To satisfy the algebraic equations (3.89) and (3.90), the bosonic Higgs fields Y A and
Y †A should take the diagonal form
Y A = diag(yA1 , · · · , yAN), Y †A = diag(yA1, · · · , yAN) (3.91)
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where yAa is a complex scalar field. For the above diagonal configurations, all the off-
diagonal elements are massive and the gauge group U(N) × Uˆ(N) is spontaneously
broken to U(1)N [9]. Let us define
A+µa := Aµaa + Aˆµaa, A−µa := Aµaa − Aˆµaa (3.92)
where the indices a = 1, · · · , N characterize the gauge degrees of freedom, i.e. the
internal degrees of freedom of the multiple M2-branes. Note that all the couplings
involve the gauge fields A−µa while the other gauge fields A+µa are associated with the
preserved U(1) gauge group. In terms of the expressions (3.91) and (3.92), we can
rewrite the equations (3.88) as
∂zy
A
a + iA−zayAa = 0, ∂zyAa − iA−zayAa = 0 (3.93)
∂zy
A
a + iA−zayAa = 0, ∂zyAa − iA−zayAa = 0 (3.94)
Azab = Aˆzab = Azab = Aˆzab = 0 for a 6= b. (3.95)
The first and second lines correspond to the equations for diagonal elements and last
one is for the off-diagonal elements. The general solutions to the equations (3.93) and
(3.94) are given by
yAa = r
A
a e
i(ϕa(z,z)+θAa ) (3.96)
A−za = −∂zϕa(z, z) (3.97)
where rAa , θ
A
a ∈ R have no dependence on z and z while ϕa(z, z) ∈ R is a function of z
and z. The expression (3.97) ensures the flatness of the U(1) gauge field A−z . Hence
ϕa, A−za and A−za take the form [26]
ϕa(z, z) = −2π Θa
τ − τ z + 2π
Θa
τ − τ z (3.98)
A−za = 2π
Θa
τ − τ ω, A
−
za = −2π
Θa
τ − τ ω. (3.99)
Here τ is the moduli of the torus defined in (3.1) and Θa := ζa + τξa, a = 1, · · · , N
are the coordinates of the product space of the N Jacobi varieties characterizing the
N U(1) flat bundles. For the bosonic Higgs fields to describe the positions of the
membranes, we should impose the single-valuedness of yAa as
yAa (z + 1, z + 1) = y
A
a (z, z)
yAa (z + τ, z + τ) = y
A
a (z, z). (3.100)
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These conditions require that ξa and ζa are integers, which result in the quantization
of the variables ϕa, A−za and A−za. Then the resulting static BPS configurations are
Y A = diag(yA1 , · · · , yAN) = diag
(
rA1 e
i(ϕ1(z,z)+θA1 ), · · · , rANei(ϕN (z,z)+θ
A
N )
)
Y †A = diag(yA1, · · · , yAN) = diag
(
rA1 e
−i(ϕ1(z,z)+θA1 ), · · · , rANe−i(ϕN (z,z)+θ
A
N
)
)
Az = diag (Az11, · · · , AzNN)
Aˆz = Az + ∂zϕ = diag (Az11 + ∂zϕ1, · · · , AzNN + ∂zϕN) . (3.101)
By the supersymmetry the above bosonic configurations are paired with the fermionic
fields
ψ±A = diag (ψ±A1, · · · , ψ±AN) , ψ†A± = diag
(
ψ†A1± , · · · , ψ†AN±
)
(3.102)
where the subscripts ± label the SO(2)E spinor representation.
Inserting the set of BPS configurations (3.101) and (3.102) into the ABJM action
(2.26) one finds
S =
∫
R
dt
∫
T 2
d2z
∑
A
N∑
a=1
[
D0y
a
AD0y
A
a − iψ†Aa+ D0ψ+Aa − iψ†Aa− D0ψ−Aa
+
k
4π
(
A−0aF+zza +
1
2
A−zaA˙+za −
1
2
A−zaA˙+za
)]
. (3.103)
Recall that A−z and A−z are quantized and their time derivative terms do not show
up in the action. Thus we can treat them as auxiliary fields and integrate out them.
Consequently we get constraints A˙+za = A˙+za = 0, which imply that the gauge fields
A+za and A+za on the Riemann surface have no time dependence.
Taking these constraints into account and proceeding the integration over the torus,
we obtain the low-energy effective action
S =
∫
R
dt
[
D0y
a
AD0y
A
a − iψ†αAaD0ψαAa + kC1(Ea)A−0a
]
. (3.104)
Here the repeated indices are summed over and α, β, · · · = +,− denote the SO(2)E
spinor indices. The covariant derivatives are defined by
D0y
A
a = y˙
A
a + iA−0ayAa , D0yAa = y˙Aa − iA−0ayAa
D0ψαAa = ψ˙αAa + iA−0aψαAa, D0ψ†Aαa = ψ˙†Aαa − iA−0aψ†Aαa . (3.105)
and
C1(Ea) :=
1
2π
∫
T 2
Fzzaa =
1
4π
∫
T 2
F+zza (3.106)
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is the Chern number of the a-th U(1) principal bundle Ea → T 2 over the torus asso-
ciated with the preserved U(1) gauge fields Azaa.
The action (3.104) is invariant under the one-dimensional conformal transforma-
tions
δt = f(t) = a + bt + ct2, δ∂0 = −f˙∂0 (3.107)
δyAa =
1
2
f˙ yAa , δyAa =
1
2
f˙ yAa (3.108)
δψαAa = 0, δψ
†A
αa = 0 (3.109)
δA−0a = −f˙A−0a (3.110)
and N = 12 supersymmetry transformations
δyAa = iω
αABψαBa, δyAa = iψ
†αB
a ωαAB (3.111)
δψαAa = ωαABD0y
B
a , δψ
†A
αa = −D0yBaωABα (3.112)
δA−0a = 0 (3.113)
where the supersymmetry parameters ω+AB := ǫ+i(Γ
i)AB and ω−AB := ǫ−i(Γi)AB
transform as 6+ and 6− under SU(4)×SO(2)E respectively. Therefore the low-energy
effective theory is described by theN = 12 superconformal gauged quantum mechanics
(3.104).
3.2.2 Reduced system with inverse-square interaction
The low-energy effective action (3.104) is quadratic in A−0a and contains no time deriva-
tives of A−0a. So they are auxiliary fields and we want to integrate them out. Let us fix
the gauge as A−0a = 0. Then the algebraic equations of motion of A−0a yield the Gauss
law constraints, the moment map conditions
φ0a := kC1(Ea) + 2
∑
A
(rAa )
2θ˙Aa +
∑
A
ψ†αAaψαAa = 0 (3.114)
for a = 1, · · · , N . Note that although the set of equations (3.114) has the same form
as that of (3.22), the physical meaning of these constraints are different because the
angular variable θAa ’s are defined not in the abstract space of the internal degrees of
freedom as in (3.22), but in the actual configuration space of the a-th M2-brane in the
A-th complex plane.
Defining the conserved charges hAa := 2(r
A
a )
2θ˙Aa , using the above constraints (3.114)
and following the reduction procedure as in the derivation of (3.26), we can integrate
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out the auxiliary gauge fields A−0a and find the reduced effective action with the inverse-
square type interaction
S =
∫
R
dt
N∑
a=1
[
x˙2a −
i
2
∑
A 6=B
(
ψ†αAaψ˙αAa − ψ˙†AaψαAa
)
+
∑
A 6=B
(r˙Aa )
2 − i
2
(
λ†αaλ˙αa − λ˙†αaλαa
)
−
[
kC1(Ea) +
∑
A 6=B h
A
a +
∑
A 6=B ψ
†αAaψαAa + λ†αaλαa
]2
4x2a
−
∑
A 6=B
(hAa )
2
4(rAa )
2
]
.
(3.115)
Here xa := r
B
a describes the motion of the a-th M2-brane in the B-th complex plane
in which the corresponding “angular momentum” hBa is determined by the assignment
of the other preserved charges. We have also introduced the fermionic variable λαa :=
ψαBa with A = B, which turns out to be the superpartner of r
C
a , C = 1, 2, 3, as we
will see the supersymmetry transformations (3.140) and (3.141).
The action (3.115) leads to the following equations of motion
x¨a =
[
kC1(Ea) +
∑
A 6=B h
A
a +
∑
A 6=B ψ
†αAaψαAa + λ†αaλαa
]2
4x3a
(3.116)
r¨Aa =
(hAa )
2
4(rAa )
3
(3.117)
ψ˙αAa = i
kC1(Ea) +
∑
A 6=B h
A
a +
∑
A 6=B ψ
†αAaψαAa + λ†αaλαa
2xa
ψαAa (3.118)
ψ˙†αAa = −ikC1(Ea) +
∑
A 6=B h
A
a +
∑
A 6=B ψ
†αAaψαAa + λ†αaλαa
2xa
ψ†αAa (3.119)
λ˙αa = i
kC1(Ea) +
∑
A 6=B h
A
a +
∑
A 6=B ψ
†αAaψαAa + λ†αaλαa
2xa
λαa (3.120)
λ˙†αa = −ikC1(Ea) +
∑
A 6=B h
A
a +
∑
A 6=B ψ
†αAaψαAa + λ†αaλαa
2xa
λ†αa. (3.121)
Using the fermionic equations of motion (3.118)-(3.121), we can check that the Gauss
law constraint (3.114) has no time dependence, i.e. φ˙0a = 0.
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The canonical momenta are given by
pa :=
∂L
∂x˙a
= 2x˙a, P aA :=
∂L
∂r˙Aa
= 2r˙aA (3.122)
παAa :=
~∂L
∂ψ˙αAa
=
i
2
ψ†αAa, π˜αAa :=
~∂L
∂ψ˙†αAa
=
i
2
ψαAa (3.123)
Παa :=
~∂L
∂λ˙αa
=
i
2
λ†αa, Π˜αa :=
~∂L
∂λ˙†αa
=
i
2
λαa. (3.124)
The fermionic canonical momenta provide the second class constraints
φαAa1 := π
αAa − i
2
ψ†Aa = 0, φ2αAa := π˜αAa − i
2
ψαAa = 0 (3.125)
φαa3 := Π
αa − i
2
λ†αa = 0, φ4αa := Π˜αa − i
2
λαa = 0. (3.126)
Taking account into the constraints (3.125) and (3.126), we find the Dirac brackets
[xa, p
b]DB = δab, [r
A
a , P
b
B]DB = δABδab (3.127)[
ψαAa, ψ
†βBb]
DB
= iδαβδABδab,
[
λαa, λ
†βb]
DB
= iδαβδab. (3.128)
The action (3.115) possesses the one-dimensional conformal invariance
δt = f(t) = a + bt + ct2, δ∂0 = −f˙∂0 (3.129)
δxa =
1
2
f˙xa, δr
A
a =
1
2
f˙ rAa (3.130)
δψαAa = 0, δψ
†αA
a = 0 (3.131)
δλαa = 0, δλ
†α
a = 0. (3.132)
Using the Noether’s procedure we find the SL(2,R) generators
H =
N∑
a=1
[
p2a
4
+
(
kC1(Ea) +
∑
A 6=B h
A
a +
∑
A ψ
†αAaψαAa + λ†αaλαa
)2
4x2a
+
∑
A 6=B
(
(PAa )
2
4
+
(hAa )
2
4(rAa )
2
)]
(3.133)
D = −1
4
N∑
a=1
[
{xa, pa}+
∑
A 6=B
{
rAa , P
A
a
}]
(3.134)
K =
N∑
a=1
[
x2a +
∑
A 6=B
(rAa )
2
]
. (3.135)
Here we have absorbed the time dependent part of D and K by similarity transfor-
mations (3.43).
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Also the action (3.115) is invariant under the following fermionic transformations
δxa =
i√
2
(
ǫαCψαCa + ǫ
†
αCψ
†αC
a
)
(3.136)
δrCa =
i
2
[(
ωαCDψαDa
)
e−iθ
C
a +
(
ψ†αDa ωαCD
)
eiθ
C
a − (ǫαCλαa) e−iθCa − (ǫ†αCλ†αa ) eiθCa ]
(3.137)
δψαCa =
(
r˙Da + i
hDa
2rDa
)
eiθ
D
a ωαCD
+
√
2
(
x˙a − i
kC1(Ea) +
∑
D 6=B h
D
a + ψ
†αDaψαDa + λ†αaλαa
2xa
)
ǫ†αC −
i√
2
la
xa
ψαCa
(3.138)
δψ†αCa = −
(
r˙Da − i
hDa
2rDa
)
e−iθ
D
a ωCDα
+
√
2
(
x˙a + i
kC1(Ea) +
∑
D 6=B h
D
a + ψ
†αDaψαDa + λ†αaλαa
2xa
)
ǫαC +
i√
2
la
xa
ψ†αCa
(3.139)
δλαa = −ǫ†αC
(
r˙Ca + i
hCa
2rCa
)
eiθ
C
a (3.140)
δλ†αa = −
(
r˙Ca − i
hCa
2rCa
)
e−iθ
C
a ǫαC (3.141)
with C,D = 1, 2, 3. Here ǫαC and their Hermitian conjugate ǫ†αC are infinitesimal
fermionic parameters and we have defined
θCa (t) = h
C
a
∫ t dt′
(rCa (t
′))2
(3.142)
la = ǫψa − ǫ†ψ†a. (3.143)
3.2.3 SU(1, 1|6) superconformal mechanics
The fact that the transformations (3.136)-(3.141) involve the non-local quantities sug-
gests that there may exist infinitely many conserved non-local charges. However, we
see from (3.133) that the Hamiltonian describing the motion in the B-th complex
plane associated with the variable xa and the local charges commute with the others
associated with the variables rCa ’s and the non-local charges. Therefore they are de-
coupled with one another and we thus can analyze the dynamics in the B-th direction
separately. As in the subsection 3.1.3, it is convenient to assign the conserved charges
hAa and λ
†αaλαa to be zeros. Then the low-energy dynamics in the B-th complex plane
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is described by the action
S =
∫
R
dt
N∑
a=1
[
x˙2a − iψ†αAaψ˙αAa −
(
kC1(Ea) + ψ
†αAaψαAa
)2
4x2a
]
(3.144)
where A = 1, 2, 3 denote the R-symmetry indices. Note that the action (3.144) has the
same structure argued in [16, 17, 18] for N > 4 superconformal quantum mechanics.
The action (3.144) has the invariance under the N = 12 supersymmetry transfor-
mation laws
δxa =
i√
2
(
ǫαAψαAa + ǫ
†
αAψ
†αA
a
)
(3.145)
δψαAa =
√
2
(
x˙a − i ga
2xa
)
ǫ†αA −
i√
2
la
xa
ψαAa (3.146)
δψ†αAa =
√
2
(
x˙a + i
ga
2xa
)
ǫαA +
i√
2
la
xa
ψ†αAa (3.147)
where
ga = kC1(Ea) + ψ
†αAaψαAa. (3.148)
The supersymmetry transformations (3.145)-(3.147) are generated by the supercharges
QαA =
i√
2
(
pa − ga
xa
)
ψαAa (3.149)
Q˜αA =
i√
2
(
pa +
ga
xa
)
ψ†αA. (3.150)
Also the action (3.144) has the one-dimensional conformal invariance. The corre-
sponding Noether charges are now expressed as
H =
N∑
a=1
[
p2a
4
+
(
kC1(Ea) + ψ
†αAaψαAa
)2
4x2a
]
(3.151)
D = −1
4
N∑
a=1
{xa, pa} (3.152)
K =
N∑
a=1
x2a. (3.153)
According to the Dirac brackets (3.127) and (3.128), quantum operators of the
canonical coordinates and momenta obey the quantum brackets
[xa, p
b] = iδab,
{
ψαAa, ψ
†βBb} = −δαβδABδab. (3.154)
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Combining the supercharges and the conformal generators, we find the supercon-
formal boost generators
SαA =
√
2i
∑
a
xaψαAa (3.155)
S˜αA =
√
2i
∑
a
xaψ
†αA
a . (3.156)
The R-symmetry generator is given by
(Jαβ)AB = i
∑
a
ψ†βBa ψαAa. (3.157)
Note that (3.157) is a complex 6 × 6 matrix with α, β = +,− and A,B = 1, 2, 3 and
it contains 36 complex valued elements.
Under the canonical relations (3.154), the generators form the following algebra
[H,D] = iH, [K,D] = −iK, [H,K] = 2iD (3.158)
[(Jαβ)AB, H ] = 0, [(Jαβ)AB, D] = 0, [(Jαβ)AB, K] = 0 (3.159)
[(Jαβ)AB, (Jγδ)CD] = i(Jαδ)ADδβγδBC − i(Jγβ)CBδαδδAD (3.160)
[H,QαA] = 0, [D,QαA] = − i2QαA, [K,QαA] = iSαA
[H, Q˜αA] = 0, [D, Q˜αA] = − i
2
Q˜αA, [K, Q˜αA] = iS˜αA
(3.161)
[H,SαA] = −iQαA, [D,SαA] = i2SαA, [K,SαA] = 0
[H, S˜αA] = −iQ˜αA [D, S˜αA] = i
2
S˜αA, [K, S˜αA] = 0
(3.162)
{QαA, Q˜βB} = 2HδαβδAB
{SαA, S˜βB} = 2KδαβδAB
{QαA, S˜βB} = −2DδαβδAB − 2(Jαβ)AB + i
2
(2
∑
a
ga + 1)δαβδAB
{Q˜αA, SβB} = −2DδαβδAB − 2(J†αβ)AB −
i
2
(2
∑
a
ga + 1)δαβδAB (3.163)
[(Jαβ)AB, QγC ] = iQαAδβγδBC , [(Jαβ)AB, Sγ,C] = iSαAδβγδBC
[(Jαβ)AB, Q˜
γC ] = −iQ˜αAδβγδBC , [(Jαβ)AB, S˜γ,C] = −iS˜αAδβγδBC . (3.164)
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The Hamiltonian H , the dilatation generator D and the conformal boost generator
form the one-dimensional conformal algebra so(1, 2) = sl(2,R) = su(1, 1). As each of
the supercharges QαA and Q˜
αA = −(QαA)† contain six real components, there exist
twelve supercharges. They are the square roots of the Hamiltonian H . In addition,
there are as many superconformal charges SαA and S˜
αA, which are the square roots
of the conformal boost generator K. The anti-commutators of the fermionic charges
generate an extra bosonic R-symmetry generators (Jαβ)AB. They form the u(6) al-
gebra (3.160). Thus the action (3.144) describes the SU(1, 1|6) invariant N = 12
superconformal mechanics. In fact this belongs to the list of the simple supergroup
for superconformal quantum mechanics [31, 32].
4 Curved M2-branes and topological twisting
4.1 M2-branes wrapping a holomorphic curve
The BLG action (2.15) and the ABJM action (2.26) may describe the dynamics of
probe membranes propagating in a fixed background geometry with an SO(8) and an
SU(4) holonomy respectively. For both cases, the world-volume M3 is considered as
a flat space-time R1,2 or R × T 2. Now let us consider more general situations where
curved M2-branes reside in some fixed curved background geometries. If we naively put
the theory on a general three dimensional manifold, all supersymmetries are broken.
However, here we shall wrap the M2-branes on a Riemann surface Σg of genus g that
preserves supersymmetry (i.e. supersymmetric two-cycles) as the form
M3 = R× (Σg ⊂ X) (4.1)
where R is viewed as a time direction and X is a real 2(n + 1)-dimensional space
preserving supersymmetry with vanishing three-form gauge field. The only known su-
persymmetric two-cycles, i.e. calibrated two-cycles in special holonomy backgrounds
are holomorphic curves in Calabi-Yau spaces and the corresponding two-form calibra-
tions are Ka¨hler calibrations. So we take the ambient spaceX as an (n+1)-dimensional
Calabi-Yau space and the other space as flat. The geometry of the M-theory is of the
form
R
1,8−2n × CYn+1. (4.2)
4.1.1 Supersymmetry in Calabi-Yau space
In order to count the number of preserved supersymmetries in our setup, we firstly
need to know the dimension of the vector space formed by the corresponding Killing
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spinor ǫ, that is the amount of supersymmetries in the background geometry. Since
we are now considering the background geometries with vanishing four-form flux, the
Killing spinor equation is given by
∇Mǫ =
(
∂M +
1
4
ωMPQΓ
PQ
)
ǫ = 0 (4.3)
where ωMPQ, M,N, P,Q = 0, 1, · · · , 10 is an eleven-dimensional Levi-Civita spin con-
nection. This leads to the integrability condition
[∇M ,∇N ]ǫ = 1
4
RMNPQΓ
PQǫ = 0. (4.4)
The equation (4.4) implies that a Killing spinor ǫ transforms as a singlet under the
restricted holonomy group H ⊂ Spin(1, 10) generated by RMNPQΓPQ. In other words,
the amount of preserved supersymmetries in the special holonomy manifold is equiv-
alent to the number of singlets in the decomposition of the spinor representation
32 of Spin(1, 10) into the representation of the holonomy group H . In our case
the background geometries are taken as Calabi-Yau (n + 1)-folds with the holonomy
H = SU(n + 1), n = 1, 2, 3, 4 and the decompositions are as follows.
1. CY5
In this case the geometry is of the form R× CY5. This splits the Spin(10) into
SU(5) and the corresponding decomposition of the spinor representation is given
by
16 = 10− ⊕ 53 ⊕ 1−5
16′ = 10+ ⊕ 5−3 ⊕ 15. (4.5)
The existence of two singlets implies that the space R × CY5 preserves 232 = 116
supersymmetries.
Let us define an explicit set of projections defining the Killing spinors. To this
end we need to specify how the Calabi-Yau spaces live in the eleven-dimensional
space-time. We shall consider the situations where the Calabi-Yau manifolds
fill in the order (x1, x2), (x9, x10), (x7, x8), (x5, x6) and (x3, x4). Then the Killig
spinors can be defined by the eigenvalues ±1 for the following set of commuting
matrices
Γ12910, Γ91078, Γ7856, Γ5634. (4.6)
The corresponding Killing spinors for CY5 can be defined by the projection
Γ12910ǫ = Γ91078ǫ = Γ7856ǫ = Γ5634ǫ = −ǫ. (4.7)
Note that this implies that Γ012ǫ = ǫ.
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2. CY4
For this case the geometry is the product form R1,2 × CY4. This leads to the
decomposition of the Spin(8) into SU(4) and that of the spinor representation
8s = 60 ⊕ 12 ⊕ 1−2
8c = 4− ⊕ 4+. (4.8)
We see that the decomposition provides two singlets from sixteen components.
Thus the geometry R1,2 × CY4 can preserve 216 = 18 supersymmetries. In this
case the projection for the Killing spinor is given by
Γ12910ǫ = Γ91078ǫ = Γ7856ǫ = −ǫ. (4.9)
3. CY3
In this case the geometry is given by R1,4 × CY3. This decomposes the Spin(6)
into SU(3) and correspondingly spinor representation decomposes as
4 = 3− ⊕ 13
4 = 3+ ⊕ 1−3. (4.10)
The appearance of two singlets from eight components means that there are
2
8
= 1
4
supersymmetries in the product space R1,4 × CY3. Therefore the Killing
spinor can be defined by the projection
Γ12910ǫ = Γ91078ǫ = −ǫ. (4.11)
4. K3
For this case the geometry is the product space R1,6× K3. The decomposition
of Spin(4) into SU(2)× SU(2) gives rise to that of the spinor representation
2 = (2, 1)
2′ = (1, 2). (4.12)
The presence of two singlets under one part of the SU(2) implies that there are
2
4
= 1
2
supersymmetries in the geometry R1,6× K3. The corresponding Killing
spinors satisfy the projection
Γ12910ǫ = −ǫ. (4.13)
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4.1.2 Calibration and supersymmetric cycle
Now consider the situation where the M2-branes wrapping a Riemann surface Σg
propagate in a Calabi-Yau space without back reaction. To preserve supersymmetry
on the world-volume, Σg turns out to be a calibrated two-cycle, i.e. holomorphic curve
of a Calabi-Yau manifold. To see this let us briefly review the background material
concerning a calibration. In general a calibration on a special holonomy manifold X
is a differential p-form ϕ obeying [36]
dϕ = 0 (4.14)
ϕ|Cp ≤ Vol|Cp, ∀Cp (4.15)
where Cp is any p-cycle in X and Vol is the volume form on the cycle induced from
the metric on X . A p-cycle Σ is said to be calibrated by ϕ if it satisfies
ϕ|Σ = Vol|Σ. (4.16)
We remark that a calibrated submanifold is a minimal surface in their homology class
because
Vol(Σ) =
∫
Σ
ϕ =
∫
Mp+1
dϕ+
∫
Σ′
ϕ =
∫
Σ′
ϕ ≤ Vol(Σ′) (4.17)
where Σ′ is another p-cycle in the same homology class such that ∂Mp+1 = Σ− Σ′.
It is known that Calabi-Yau (n+ 1)-folds admit two calibrations; the Ka¨hler form
J and the holomorphic (n + 1, 0)-form Ω. One can construct calibrations as bilinear
forms of spinors [37, 38]
JMN = iǫ
†ΓMNǫ (4.18)
ΩM1···Mn+1 = ǫ
TΓM1···M2(n+1)ǫ (4.19)
Now we consider the condition so that a bosonic configuration of membranes is
supersymmetric. Since one can always add a second probe brane without breaking
supersymmetry if it is wrapped on the supersymmetric cycle which the original probe
brane is wrapping, a simple way to find such condition is to analyze an effective world-
volume action of a single membrane [39]. The action for a supermembrane coupled to
d = 11 supergravity is given by [40]
S =
∫
d3x
[
1
2
√−hhµν∂µXM∂νXNgMN − 1
2
√−h
− i√−hhµνΘΓµ∇νΘ+ 1
6
ǫµνλCMNP∂µX
M∂νX
N∂λX
P
]
(4.20)
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where hµν , µ, ν = 0, 1, 2 is the metric of the world-volume, h = det(hµν), gMN ,M =
0, 1, · · · , 10 is the d = 11 space-time metric. XM is a space-time coordinate and Θ
is a fermionic space-time coordinate. CMNP is a three-form gauge field, which is now
taken to be zero in our background geometries. The action (4.20) is invariant under
the rigid supersymmetry transformations
δǫX
M = iǫΓMΘ (4.21)
δǫΘ = ǫ (4.22)
where ǫ is a constant anti-commuting eleven-dimensional spinor. Also the action (4.21)
has a local fermionic symmetry, called κ-symmetry. The κ-symmetry transformation
is given by
δκX
M = 2iΘΓMP+κ(x) (4.23)
δκΘ = 2P+κ(x) (4.24)
where κ(x) is a d = 11 spinor and the matrix
P± =
1
2
(
1± 1
6
√−hǫ
µνλ∂µX
M∂νX
N∂λX
PΓMNP
)
(4.25)
is a projection operator satisfying
P 2± = 1, P+P− = 0, P+ + P− = 1. (4.26)
To extract the physical degrees of freedom, we must choose the suitable gauge that
fixes the local world-volume reparametrization and the local κ-symmetry. Let us fix
the reparametrization by choosing x0 = X0. Then the projection operator (4.25) can
be expressed as
P± =
1
2
(1± Γ) (4.27)
where
Γ :=
1
2
√
det(hΣij)
Γ0ǫij∂iX
M∂jX
NΓMN . (4.28)
Here hΣij , i, j = 1, 2 is the metric of the Riemann surface wrapped by the M2-brane
and
√
det(hΣij) is the area of the surface. As a next step we want to fix the local
κ-symmetry on the world-volume. In order for a bosonic world-volume configuration
to be supersymmetric, the global supersymmetry transformations (4.22) need to be
compensated for by the κ-symmetry transformations (4.24)
(δǫ + δκ) Θ = ǫ+ 2P+κ(x) = 0. (4.29)
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Acting P− on both sides we find that
P−ǫ =
1− Γ
2
ǫ = 0. (4.30)
Therefore the supersymmetry preserved by the M2-branes is given by the Killing spinor
ǫ which obeys the projection (4.29). Noting that Γ2 = 1 and Γ† = Γ, we find that
ǫ†
1− Γ
2
ǫ = ǫ†
(1− Γ)(1− Γ)
2
ǫ =
∣∣∣∣1− Γ√2 ǫ
∣∣∣∣
2
≥ 0. (4.31)
By normalizing the Killing spinors such that ǫ†ǫ = 1, the inequality (4.31) can be
rewritten as
Vol(Σg) ≥ ϕ (4.32)
where Vol(Σg) =
√
det(hΣij) is the area of the Riemann surface and ϕ is the differential
two-form defined by
ϕ = −1
2
(ǫΓMNǫ) dX
M ∧ dXN . (4.33)
Hence the two-form (4.33) satisfies the condition (4.15) for the calibration and has the
bilinear expression for Ka¨hler calibration J (see (4.18)). Moreover it can be shown that
the two-form (4.33) obeys the other required condition (4.14) for the calibration by
using the supersymmetry algebra [41]. Therefore we can conclude that the two-form
(4.33) is a Ka¨hler calibration and that the supersymmetric two-cycle Σg wrapped by
the M2-branes is a calibrated two-cycle, i.e. a holomorphic curve. Notice that (4.29) is
precisely the chirality condition Γ012ǫ = 0 imposed on the supersymmetry parameters
in the BLG-model (see (2.22)).
At this stage we are ready to count the number of preserved supersymmetries in
our M2-brane configurations by combining the two different types of projections; the
projections (4.7), (4.9), (4.11) and (4.13) for the background Calabi-Yau manifolds
and the projection (4.29) (or (2.22)) for the membranes wrapped around a calibrated
two-cycle Σg. In most of the cases wrapped branes break half of the supersymmetries
preserved by the special holonomy manifolds according to the additional projection for
the branes wrapping calibrated cycles. However, for the Calabi-Yau 5-fold the projec-
tion condition (4.29) for the M2-branes does not give rise to a further constraint on the
surviving two Killing spinors. This implies that M2-branes can wrap a holomorphic
curve in a Calabi-Yau 5-fold without breaking down the supersymmetry. The amounts
of preserved supersymmetries by the M2-branes wrapping holomorphic curves Σg in
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Calabi-Yau spaces are summarized as
N =


8 for Σg ⊂ K3
4 for Σg ⊂ CY3
2 for Σg ⊂ CY4
2 for Σg ⊂ CY5.
(4.34)
Upon the dimensional reduction to R, the arising quantum mechanics on R will have
the same number of supersymmetries.
4.2 Topological twisting
In general a quantum field theory on the curved M2-branes interacts with gravity,
however, it is also possible to get a supersymmetric quantum field theory on R×Σg by
taking the appropriate decoupling limit lp → 0 while keeping the volume of Σg and that
of X fixed. In order to derive such low-energy effective theories on the curved world-
volume, we recall how the BLG-model describes the dynamics of the flat M2-branes.
In the BLG-model the fields and supercharges transform under SO(2)E × SO(8)R as
XIa : 8v0
Ψa : 8c+ ⊕ 8c−
ǫ : 8s+ ⊕ 8s−. (4.35)
The eight scalar fields XI ’s transform as the vector representations of the R-symmetry
SO(8)R which represents the rotational group of the transverse space of the M2-branes.
In other words, they are sections of the normal bundle, which is trivial in this case.
However, corresponding to the geometry given in (4.1), now the tangent bundle TX of
the ambient Calabi-Yau manifold X is decomposed as
TX = TΣ ⊕NΣ (4.36)
where TΣ is the tangent bundle over the Riemann surface Σg and NΣ is the normal
bundle over the surface. Therefore we need to take into account the existence of
the non-trivial normal bundle of calibrated cycles and to introduce new dynamical
variables instead of the original scalar fields. These transitions from scalars, i.e. trivial
normal bundle to the non-trivial normal bundles are intimately connected with the
way in which the field theory on R × Σg realizes supersymmetry. Along with the
coupling to the curvature on the Riemann surface, there now exists a coupling to an
external SO(2n) gauge group, the R-symmetry background. Thus one can preserve
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supersymmetry on the holomorphic Riemann surface by choosing the SO(2) Abelian
background from the SO(2n) appropriately.
There is a beautiful observation that such an effective description for curved branes
can be obtained by topological twisting [10]. Here we attempt to twist the BLG-
model to obtain the low-energy descriptions for the curved M2-branes 5. Schematically
topological twisting procedure can be achieved by replacing the original Euclidean
rotational group SO(2)E on the Riemann surface by a different subgroup SO(2)
′
E of
SO(2)E × SO(8)R. Although there are many possible ways to pick such subgroups,
here we will consider the following decomposition
SO(8) ⊃SO(8− 2n)× SO(2n)
⊃SO(8− 2n)× SO(2)1 × · · · × SO(2)n. (4.37)
The SO(8 − 2n) is a rotational group of the Euclidean space perpendicular to the
Riemann surface, while the SO(2)i are diagonal subgroups of the external SO(2n)
gauge group. The meaning of this decomposition is that the Calabi-Yau manifold X
enjoys the decomposable line bundles as the form
X = L1 ⊕ · · · ⊕ Ln → Σg. (4.38)
Under the decomposition (4.37), the R-charges for 8v, 8s and 8c are determined as
follows:
1. SO(8) ⊃ SO(6)× SO(2)1
8v =60 ⊕ 12 ⊕ 1−2
8s =4+ ⊕ 4−
8c =4− ⊕ 4+. (4.39)
2. SO(8) ⊃ SO(4)× SO(2)1 × SO(2)2
8v =400 ⊕ 102 ⊕ 10−2 ⊕ 120 ⊕ 1−20
8s =2++ ⊕ 2′+− ⊕ 2−− ⊕ 2′−+
8c =2−+ ⊕ 2′−− ⊕ 2+− ⊕ 2′++. (4.40)
3. SO(8) ⊃ SO(2)× SO(2)1 × SO(2)2 × SO(2)3
8v =2000 ⊕ 1002 ⊕ 100−2 ⊕ 1020 ⊕ 10−20 ⊕ 1200 ⊕ 1−200
8s =1+++ ⊕ 1++− ⊕ 1+−− ⊕ 1+−+ ⊕ 1−−+ ⊕ 1−−− ⊕ 1−+− ⊕ 1−++
8c =1−++ ⊕ 1−+− ⊕ 1−−− ⊕ 1−−+ ⊕ 1+−+ ⊕ 1+−− ⊕ 1++− ⊕ 1+++. (4.41)
5 For the ABJM-model the geometric meaning of the topological twisting is less clear because the
classical SU(4)R R-symmetry reflects the orbifolds. In this paper we will focus on the BLG-model.
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4. SO(8) ⊃ SO(2)1 × SO(2)2 × SO(2)3 × SO(2)4
8v =10002 ⊕ 1000−2 ⊕ 10020 ⊕ 100−20 ⊕ 10200 ⊕ 10−200 ⊕ 12000 ⊕ 1−2000
8s =1++++ ⊕ 1++−− ⊕ 1+−−+ ⊕ 1+−+− ⊕ 1−−++ ⊕ 1−−−− ⊕ 1−+−+ ⊕ 1−++−
8c =1−+++ ⊕ 1−+−− ⊕ 1−−−+ ⊕ 1−−+− ⊕ 1+−++ ⊕ 1+−−− ⊕ 1++−+ ⊕ 1+++−.
(4.42)
With one of the decompositions (4.39)-(4.42), we can now define a new generator s′,
i.e. the SO(2)′E charge by
s′ := s−
n∑
i=1
aiTi. (4.43)
Here s denotes a generator of the original rotational group SO(2)E, Ti represents a
generator of the subgroup SO(2)i diagonally embedded in the external gauge group
SO(2n) and ai’s are the constant parameters characterizing the twisting procedures.
From now on we normalize these charges s′, s and Ti such that they are twice as the
usual spin on the Riemann surface. Since ai’s are related to the degrees of the line
bundles Li’s as
deg(Li) =

2|g − 1|ai for g 6= 0ai for g = 0 (4.44)
and the degrees coincide with the first Chern class, the conditions thatX is Calabi-Yau
are given by
n∑
i=1
ai =


−1 for g = 0
0 for g = 1
1 for g > 1
. (4.45)
Note that the Calabi-Yau conditions (4.45) simultaneously ensure the existence of
the covariant constant spinors in the twisted theories. One can easily check that
the topological twists underlying the decompositions (4.39), (4.40), (4.41) and (4.42)
preserve 8, 4, 2 and 2 supersymmetries as we expect for K3, CY3, CY4 and CY5.
Therefore given the decomposable line bundle structures of the Calabi-Yau man-
ifolds (4.38), we can determine the topological twisting procedure from the two con-
ditions (4.44) and (4.45). For a K3 surface, i.e. for a2 = a3 = a4 = 0, the local
geometry is T ∗Σg and a single twisting parameter a1 is uniquely determined by the
Calabi-Yau condition up to the orientation. For other Calabi-Yau spaces the Calabi-
Yau conditions are not so powerful and there are infinitely many ways of the twisting
characterized by ai, or the degrees of the line bundles.
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5 SCQM from M2-branes in a K3 surface
Let us study the membranes wrapping a curved Riemann surface of genus g > 1
embedded in a K3 surface. In order to preserve supersymmetry one should carry out
the topological twisting utilizing the decomposition (4.39). Requiring the existence of
covariant constant spinors, the twisting procedure can be uniquely determined since
the external gauge field is nothing but an SO(2) Abelian background in this case.
Note that the twisting for Σg = P
1 can be realized just by the orientation reversal.
Under SO(2)E ×SO(8)R → SO(2)′E×SO(6)R, the twisted field theory with g > 1
is characterized by the following representations
XI : 8v0 → 60 ⊕ 12 ⊕ 1−2
ǫ : 8s+ ⊕ 8s− → 40 ⊕ 42 ⊕ 4−2 ⊕ 40
Ψ : 8c+ ⊕ 8c− → 42 ⊕ 40 ⊕ 40 ⊕ 4−2. (5.1)
Therefore the bosonic field content is six scalar fields φI transforming as 60 and one-
forms Φz, Φz transforming as 12⊕1−2. The fermionic field content is eight scalar fields
ψ, λ˜ as 40⊕40 and one-forms Ψz, Ψ˜z as 42⊕4−2. The supersymmetry parameters are
eight scalars ǫ, ǫ˜ as 40 ⊕ 40 and one-forms ǫ˜z, ǫz as 42 ⊕ 4−2. Here and hereafter we
distinguish 4 and 4 in terms of tildes over the fermionic objects.
We should note that there are six bosonic scalar fields and eight fermionic scalar
charges in the twisted theory. Since a Riemann surface is a real two-dimensional
manifold and there are six scalar fields, the theory should describe the circumstance
where the two-cycle lives in a 2 + (8 − 6) = 4-dimensional curved manifold X . The
existence of eight scalar supercharges indicates that the four-manifold preserves 8
16
= 1
2
of the supersymmetries. This is the case where a holomorphic Riemann surface Σg is
embedded in a K3 surface.
Locally the K3 geometry is the cotangent bundle T ∗Σg. The remaining two scalar
fields combine to yield one-forms on the Riemann surface. They represent the motion
of the M2-branes along the non-trivial normal bundle NΣ over the Riemann surface
inside the K3 surface. Under the SO(6) rotational group of the six uncompactified
dimensions, the six scalars transform as vector representations 6v and the one-forms
are just singlets. We take the eleven-dimensional space-time configuration as
0 1 2 3 4 5 6 7 8 9 10
K3 × ◦ ◦ × × × × × × ◦ ◦
M2 ◦ ◦ ◦ × × × × × × × ×
Σg × ◦ ◦ × × × × × × × ×
(5.2)
where ◦ denotes the direction in which the geometrical objects extend, while × denotes
the direction in which they localize. Note that the projection (4.13) for the K3 surface
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encodes the configuration (5.2). The world-volume of the M2-branes extend to a time
direction x0 and spacial directions x1, x2. The spacial directions x1, x2 are tangent
to the compact Riemann surface in the K3 surface. The normal geometry of the M2-
branes is divided into two parts; one is the normal bundle NΣ inside the K3 surface,
extending to two directions x9, x10 and the other is the flat Euclidean space transverse
to the K3 surface, labeled by x3, · · · , x8.
5.1 Twisted theory
Firstly our space-time configuration (5.2) breaks down the space-time symmetry group
SO(1, 10) to SO(2)E × SO(6)R × SO(2)1. So the SO(1, 10) gamma matrix can be
decomposed as 

Γµ = γµ ⊗ Γˆ7 ⊗ σ2 µ = 0, 1, 2
ΓI+2 = I2 ⊗ ΓˆI ⊗ σ2 I = 1, · · · , 6
Γi+8 = I2 ⊗ I8 ⊗ γi i = 1, 2
(5.3)
where ΓˆI is the SO(6) gamma matrix obeying
{ΓˆI , ΓˆJ} = 2δIJ , (ΓˆI)† = ΓI (5.4)
Γˆ7 = −iΓˆ12···6 =
(
I4 0
0 −I4
)
. (5.5)
Similarly the SO(1, 10) charge conjugation matrix C is expressed as
C = ǫ⊗ Cˆ ⊗ ǫ (5.6)
where ǫ := iσ2 is introduced as the charge conjugation matrix with the relations
ǫT = −ǫ, ǫγµǫ−1 = −(γµ)T (5.7)
while Cˆ is the SO(6) charge conjugation matrix satisfying
CˆT = −Cˆ, CˆΓˆICˆ−1 = (ΓˆI)T , CˆΓˆ7Cˆ−1 = −(Γˆ7)T . (5.8)
Under the decomposition (5.3), the SO(8) chiral matrix becomes
Γ012 = Γ34···10 = I2 ⊗ Γˆ7 ⊗ σ2. (5.9)
For the twisted bosonic fields we set
φI := XI+2 (5.10)
Φz :=
1√
2
(X9 − iX10), Φz := 1√
2
(X9 + iX10) (5.11)
Az :=
1√
2
(A1 − iA2), Az := 1√
2
(A1 + iA2) (5.12)
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where the bosonic scalar fields φI ’s transform as the vector representations 6v of the
SO(6) global symmetry and the indices I = 1, · · · , 6 label the flat transverse directions.
The bosonic one-froms, Φz and Φz are the SO(6)-singlets and they describe the motion
in the normal geometry NΣ of the Riemann surface inside the K3 surface. These Higgs
fields φI ,Φz and Φz are the 3-algebra valued.
Now consider the twisted fermionic objects. Primitively the fermionic fields Ψ
are SL(2,R) spinors that transform as the spinor representations 8c of the SO(8)R
R-symmetry. As seen from (5.1), under the decomposition Spin(1, 10) → Spin(2) ×
Spin(6)× Spin(2), fermionic fields Ψ are split into the representations 42, 40, 40 and
4−2, whose component fields are denoted by Ψz, λ˜, ψ and Ψ˜z respectively. Accordingly
they can be expanded as
ΨαβA =
i√
2
ψA(γ+ǫ
−1)αβ + iΨ˜zA(γ
zǫ−1)αβ − i√
2
λ˜A(γ−ǫ
−1)αβ − iΨzA(γzǫ−1)αβ (5.13)
where the three indices α,A and β denote the SO(2)E spinor, the SO(6)R spinor and
the SO(2)1 spinor respectively. Here we have introduced the matrices γ±, γz and γz
defined by
γ+ :=
1√
2
(I2 + σ2), γ− :=
1√
2
(I2 − σ2) (5.14)
γz :=
1√
2
(γ1 + iγ2) =
1√
2
(
i 1
1 −i
)
(5.15)
γz :=
1√
2
(γ1 − iγ2) = 1√
2
(
−i 1
1 i
)
. (5.16)
As seen from (5.13), the above matrices enable us to carry out the topological twisting,
or in other words the identification of the index α with the index β. The matrices
γ+ and γ
z are associated with the conjugate spinor representations 8c− and yield 40
and 4−2, while the other pair of matrices γ− and γz are associated with 8c+ and give
rise to 42 and 40. Together with the decomposition (5.9) and the chirality condition
(2.12) for Ψ, one can check that the expansion (5.13) leads to the relations; Γˆ7ψ = ψ,
Γˆ7Ψ˜z = −Ψ˜z , Γˆ7λ˜ = −λ˜ and Γˆ7Ψz = Ψz. For the A4 algebra all of these fermionic
fields are the fundamental representations of the SO(4) gauge group. We define the
conjugate of the SO(6) spinors as
ψ := ψT Cˆ, λ˜ := λ˜T Cˆ, Ψz := Ψ
T
z Cˆ, Ψ˜z := Ψ˜
T
z Cˆ. (5.17)
Likewise, the supersymmetry parameters originally transform as the SL(2,R) spinor
representations of the rotational group of the world-volume and 8s of the SO(8) R-
symmetry in the BLG-model, while in the twisted theory they reduce to the four
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distinct representations 40, 42, 4−2 and 40. Thus we can write supersymmetry param-
eters as
ǫαβA =
i√
2
ǫ˜A(γ+ǫ
−1)αβ + iǫzA(γ
zǫ−1)αβ − i√
2
ǫA(γ−ǫ
−1)αβ − iǫ˜zA(γzǫ−1)αβ . (5.18)
Here again the indices α, A and β label SO(2)E, SO(6)R and SO(2)1 respectively.
Since ǫ and ǫ˜ are fermionic scalars on an arbitrary Riemann surface, they are identified
with supercharges and hence the effective theory will be endowed with the correspond-
ing eight supercharges.
In terms of the expressions (5.3), (5.10), (5.11), (5.12) and (5.13), we obtain the
twisted BLG Lagrangian
L = 1
2
(D0φ
I , D0φ
I)− (DzφI , DzφI) + (D0Φz, D0Φz)− 2(DzΦw, DzΦw)
+ (λ˜, D0ψ) + (Ψz, D0Ψ˜z)− (Ψ˜z, D0Ψz)− 2i(Ψ˜z, Dzψ) + 2i(λ˜, DzΨz)
+
i
2
(λ˜ΓˆIJ , [φI , φJ , ψ])− i(Ψ˜zΓˆIJ , [φI , φJ ,Ψz])
+ 2i(ψΓˆI , [Φz, φ
I ,Ψz])− 2i(λ˜ΓˆI , [Φz, φI , Ψ˜z])
+ i(λ˜, [Φz,Φz, ψ])− 2i(Ψ˜w, [Φz,Φz,Ψw])
− 1
12
(
[φI , φJ , φK ], [φI , φJ , φK]
)− 1
2
(
[Φz, φ
I , φJ ], [Φz, φ
I , φJ ]
)
− 1
2
(
[Φz,Φw, φ
I ], [Φz ,Φw, φ
I ]
)− 1
2
(
[Φz,Φw, φ
I ], [Φz,Φw, φ
I ]
)
+
1
6
([Φz,Φw,Φv], [Φz,Φw,Φv]) +
1
2
([Φz,Φw,Φv], [Φz,Φw,Φv]) + LTCS. (5.19)
Here we have introduced ( , ) as the trace form on the 3-algebra introduced in (2.4) and
we have defined the covariant derivatives Dz :=
1√
2
(D1−iD2) and Dz := 1√2(D1+iD2).
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The corresponding BRST transformations are given by
δφIa = iǫ˜Γˆ
I λ˜a − iǫΓˆIψa (5.20)
δΦza = −iǫ˜Ψza (5.21)
δΦza = −iǫΨ˜za (5.22)
δψa = iD0φ
I
aΓˆǫ˜− 2DzΦzaǫ+
1
6
[φI , φJ , φK ]aΓˆ
IJK ǫ˜+ [Φz ,Φz, φ
I ]aΓˆ
I ǫ˜ (5.23)
δλ˜a = iD0φ
I
aΓˆ
Iǫ− 2DzΦzaǫ˜− 1
6
[φI , φJ , φK ]aΓˆ
IJKǫ+ [Φz,Φz, φ
I ]aΓˆ
Iǫ (5.24)
δΨza = −DzφIΓˆI ǫ˜− iD0Φzǫ+ 1
2
[Φz, φ
I , φJ ]aΓˆ
IJǫ+
1
3
[Φw,Φw,Φz]aǫ (5.25)
δΨ˜za = Dzφ
I
aΓˆ
Iǫ+ iD0Φzaǫ˜+
1
2
[Φz, φ
I , φJ ]aΓˆ
IJ ǫ˜+
1
3
[Φw,Φw,Φz]aǫ˜ (5.26)
δA˜b0a = −ǫΓˆIφIcψdf cdba − ǫ˜ΓˆIφIc λ˜df cdba − 2ǫΦzcΨ˜zdf cdba + 2ǫ˜ΦzcΨzdf cdba (5.27)
δA˜bza = 2iǫΓˆ
IφIcΨzdf
cdb
a + 2iǫΦzcλ˜df
cdb
a (5.28)
δA˜bza = −2iǫ˜ΓˆIφIcΨ˜zdf cdba + 2iǫ˜Φzcψdf cdba. (5.29)
5.2 Derivation of quantum mechanics
Now we consider the reduction to a low-energy effective one-dimensional field theory
on R, that is membrane quantum mechanics. As the size of the Riemann surface
shrinks, only the light degrees of freedom are relevant. To keep track of them we
have to find the static configurations that minimize the energy, that is the zero-energy
conditions. We can replace the zero-energy conditions by a set of BPS equations. In
addition, we set all the fermionic fields to zero because we are interested in bosonic
BPS configurations. Then the BPS equations, which correspond to the vanishing
conditions of the BRST transformations (5.23)-(5.26) for the fermionic fields, are
Dzφ
I = 0, Dzφ
I = 0 (5.30)
DzΦz = 0, DzΦz = 0 (5.31)
[φI , φJ , φK ] = 0 (5.32)
[Φz ,Φz, φ
I ] = 0, [Φz , φ
I , φJ ] = 0, [Φz, φ
I , φJ ] = 0 (5.33)
[Φw,Φw,Φz] = 0, [Φw,Φw,Φz] = 0. (5.34)
We first note that according to the algebraic equations (5.32), (5.33) and (5.34),
all the bosonic Higgs fields have to lie in the same plane in the SO(4) gauge group.
Thus we can write them as
φI = (φI1, φI2, 0, 0)T , Φz = (Φ
1
z,Φ
2
z, 0, 0)
T , Φz = (Φ
1
z ,Φ
2
z, 0, 0)
T . (5.35)
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Correspondingly via supersymmetry one can also write the fermionic partners as
ψ = (ψ1, ψ2, 0, 0)T , λ˜ = (λ˜1, λ˜2, 0, 0)T (5.36)
Ψz = (Ψ
1
z,Ψ
2
z, 0, 0)
T , Ψ˜z = (Ψ˜
1
z, Ψ˜
2
z, 0, 0)
T . (5.37)
The configurations (5.35)-(5.37) generically break the original SO(4) gauge group down
to U(1) × U(1). Taking into account these solutions and the BPS equations (5.30),
(5.31) we find that A˜1z3 = A˜
2
z3 = A˜
1
z4 = A˜
2
z4 = 0. This implies that these components of
the gauge field now become massive by the Higgs mechanism. Then we should follow
the time evolution for remaining degrees of freedom in the low-energy effecvie theory.
To achieve this consistently we further need to impose the Gauss law constraint.
This requires that the gauge field is flat; F˜zz = 0. Recall that we are now considering
the case where the genus of the Riemann surface is greater than one. In that case the
generic flat connections are irreducible. As long as we only consider irreducible flat
connections, the Laplacian has no zero modes. Accordingly it is not allowed for scalar
fields to have non-trivial values and it is required that φI = 0 6. To sum up, the above
set of equations over the compact Riemann surface reduces to
F˜ 1zz2 = 0 (5.38)
∂zΦz1 + A˜
1
z2Φz2 = 0 (5.39)
∂zΦz2 − A˜1z2Φz1 = 0. (5.40)
Let us discuss the generic BPS configuration obeying (5.38)-(5.40). Since we are
now considering a compact Riemann surface of genus g, there are g holomorphic (1, 0)-
forms ωi, i = 1, · · · , g and g anti-holomorphic (0, 1)-forms ωi. Let us normalize them
as ∫
ai
ωj = δij ,
∫
bi
ωj = Ωij (5.41)
with ai, bi being canonical homology basis for H1(Σg). The matrix Ω is the period
matrix of the Riemann surface. It is a g × g complex symmetric matrix with positive
imaginary part. The equation (5.38) imposes the flatness condition for the U(1) gauge
field A˜1z2. The space of the U(1) flat connection on a compact Riemann surface is the
torus known as the Jacobi variety denoted by Jac(Σg). The flat gauge fields can be
expressed in the form [26]
A˜1z2 = −2π
g∑
i,j=1
(
Ω− Ω)−1
ij
Θiωj, A˜
1
z2 = 2π
g∑
i,j=1
(
Ω− Ω)−1
ij
Θ
i
ωj (5.42)
6 Such BPS solutions with the irreducible connections have been considered in the four-dimensional
topologically twisted Yang-Mills theories defined on the product of two Riemann surfaces [42, 43, 44]
and the corresponding decoupling limit for the brane description has been argued in [45].
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where Θi := ζ i+Ωijξ
j represents the complex coordinate of Jac(Σg) which characterizes
the twists e2πiξ
i
and e−2πiζ
i
around the i-th homology cycles ai and bi. Notice that
ξi → ξi+mi, ζ i → ζ i+ni for ni, mi ∈ Z gives rise to the same point on Jac(Σg). This
implies that Jac(Σg) = C
g/LΩ where LΩ is the lattice generated by Z
g + ΩZg. We
define a function
ϕ := −2π
g∑
i,j=1
(
Ω− Ω)−1
ij
(
Θifj(z)−Θif j(z)
)
(5.43)
where fi(z) :=
∫ z
ωi is the holomorphic function of z that obeys the relations fi|aj = δij
and fi|bj = Ωij . Then we can write the flat gauge fields as
A˜1z2 = ∂zϕ, A˜
1
z2 = ∂zϕ. (5.44)
Using the above expressions for the U(1) flat connection, the generic solutions to the
equation (5.39) and (5.40) can be expressed as
Φz1(z, z)− iΦz2(z, z) =e−iϕ(z,z)
g∑
i=1
xiAωi
Φz1(z, z) + iΦz2(z, z) =e
iϕ(z,z)
g∑
i=1
xiBωi (5.45)
where xiA, x
i
B ∈ C are constant on the Riemann surface. Since we take the limit
where the Riemann surface Σg shrinks to zero size, the space-time configurations of
the membranes should be expressed as single-valued functions of z and z in the low-
energy effective quantum mechanics. In other words, ξi and ζ i can only be integers and
therefore the U(1) flat gauge fields A˜1z2 and A˜
1
z2 are quantized. The single-valuedness
condition requires that the point of the Jac(Σg) is fixed.
Putting all together, the general bosonic BPS configurations are given by
φI = 0
Φz =
g∑
i=1


1
2
(e−iϕxiA + e
iϕxiB)
i
2
(e−iϕxiA − eiϕxiB)
0
0

ωi, Φz =
g∑
i=1


1
2
(
eiϕxiA + e
−iϕxiB
)
− i
2
(
eiϕxiA − e−iϕxiB
)
0
0

ωi
A˜z =


0 ∂zϕ(z, z) 0 0
−∂zϕ(z, z) 0 0 0
0 0 0 A˜3z4(z, z)
0 0 −A˜3z4(z, z) 0

 (5.46)
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where A˜3z4 and A˜
3
z4 are the Abelian gauge fields associated with preserved U(1) sym-
metry and they do not receive any constraints from the BPS conditions.
By virtue of the supersymmetry we can write the corresponding fermionic fields
from the bosonic configurations (5.46) as
ψ = 0, λ˜ = 0
Ψz =
g∑
i=1


1
2
(ΨiA +Ψ
i
B)
i
2
(ΨiA −ΨiB)
0
0

ωi, Ψ˜z =
g∑
i=1


1
2
(
Ψ˜iA + Ψ˜
i
B
)
− i
2
(
Ψ˜iA − Ψ˜iB
)
0
0

ωi. (5.47)
Substituting the BPS configuration (5.46) and (5.47) into the twisted action (5.19),
we find
S =
∫
R
dt
∫
Σg
d2z
[
(D0Φ
a
z , D0Φza) +
(
Ψ
a
z , D0Ψ˜za
)
−
(
Ψ˜
a
z , D0Ψza
)
− k
2π
A˜102F˜
3
zz4 −
k
4π
(
A˜1z2
˙˜A3z4 − A˜1z2 ˙˜A3z4
)]
. (5.48)
Since the gauge fields A˜1z2, A˜
1
z2 are quantized and their time derivatives do not show
up in the effective action, they can be integrated out as the auxiliary fields. They give
rise to the constraints ˙˜A3z4 =
˙˜A3z4 = 0.
Making use of the Riemann bilinear relation [46]
∫
Σg
ω ∧ η =
g∑
i=1
[∫
ai
ω
∫
bi
η −
∫
bi
ω
∫
ai
η
]
(5.49)
and performing the integration on Σg we obtain the low-energy effective gauged quan-
tum mechanics
S =
∫
R
dt
[∑
i,j
(Im Ω)ij
(
D0x
iaD0x
j
a +Ψ
ia
D0Ψ˜
j
a − Ψ˜
ia
D0Ψ
j
a
)
− kC1(E)A˜102
]
.
(5.50)
Here the indices a = A,B stand for the two internal degrees of freedom for the two
M2-branes. The covariant derivatives are defined by
D0x
i
A = x˙
i
A + iA˜
1
02x
i
A, D0x
i
B = x˙
i
B − iA˜102xiB (5.51)
D0Ψ
i
A = Ψ˙
i
A + iA˜
1
02Ψ
i
A, D0Ψ
i
B = Ψ˙
i
B − iA˜102ΨiB (5.52)
D0Ψ˜
i
A =
˙˜ΨiA − iA˜102Ψ˜iA, D0ΨiB = ˙˜ΨiB + iA˜102Ψ˜iB (5.53)
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and the Chern number C1(E) ∈ Z is associated to the U(1) principal bundle E → Σg
over the Riemann surface
C1(E) =
∫
Σg
c1(E) =
1
2π
∫
Σg
d2zF˜ 3zz4. (5.54)
The action (5.50) has the invariance under the one-dimensional SL(2,R) conformal
transformations
δt = f(t) = a+ bt + ct2, δ∂0 = −f˙∂0 (5.55)
δxia =
1
2
f˙xia, δA˜
1
02 = −f˙ A˜102 (5.56)
δΨia = 0, δΨ˜
i
a = 0. (5.57)
Also the action (5.50) is invariant under the N = 8 supersymmetry transformations
δxia = 2iǫ˜Ψ
i
a, δx
i
a = 2iǫΨ˜
i
a (5.58)
δΨia = −iD0xiaǫ, δΨ˜ia = iD0xiaǫ˜ (5.59)
δA˜102 = 0. (5.60)
Therefore we conclude that the N = 8 superconformal gauged quantum mechanics
(5.50) may describe the low-energy effective motion of the two wrapped M2-branes
around Σg probing a K3 surface.
As seen from the action (5.50), the U(1) gauge field A˜102, due to the absence of the
kinetic term, is regarded as an auxiliary field. In consequence the gauge field has no
contribution to the Hamiltonian. Hence the corresponding gauge symmetry yields an
integral of motion as a moment map µ : M → u(1)∗ and we can reduce the phase
spaceM toMc = µ−1(c) by fixing the inverse of the moment map at a point c ∈ u(1)∗.
Choosing a temporal gauge A˜102 = 0, we find the action
S =
∫
R
dt
∑
i,j
(ImΩ)ij
(
x˙iax˙
j
a +Ψ
ia ˙˜Ψja − Ψ˜
ia
Ψ˙ja
)
(5.61)
and the Gauss law constraint
φ0 := kC1(E) + i
∑
i,j
(ImΩ)ij
[
Kij + 2
(
Ψ
i
AΨ˜
j
A −Ψ
i
BΨ˜
j
B
)]
= 0 (5.62)
where
Kij :=
(
x˙iAx
j
A − xiAx˙jA
)
−
(
x˙iBx
j
B − xiBx˙jB
)
. (5.63)
The constraint equation (5.62) requires that all states in the Hilbert space are gauge
invariant. In this case the symmetry of the system is not so large as in the previous
47
superconformal gauged quantum mechanical models (3.13) and (3.104). It is curi-
ous to know whether the superconformal gauged quantum mechanics (5.50) (or (5.61)
together with (5.62)) have a reduced Lagrangian description with an inverse-square
type potential. However, our result may drop a hint on the obstructed construction
of SCQM that a large class of SCQM could be formulated as “gauged quantum me-
chanics” with the help of auxiliary gauge fields as in [28, 29, 30].
6 Conclusion and discussion
We have studied the IR quantum mechanics resulting from the multiple M2-branes
wrapping a compact Riemann surface Σg after shrinking the size of the Riemann
surface by reducing the BLG-model and the ABJM-model. For g = 1 the dimensional
reductions of the BLG-model and the ABJM-model yield the low-energy effective
N = 16 and N = 12 superconformal gauged quantum mechanical models respectively.
After the integration of the auxiliary gauge fields, OSp(16|2) quantum mechanics
(3.54) and SU(1, 1|6) quantum mechanics (3.144) emerge from the reduced theories.
For g 6= 1 the Riemann surface is singled out as a calibrated holomorphic curve in a
Calabi-Yau manifold to preserve supersymmetry. The IR quantum mechanical models
have N = 8, 4, 2 and 2 supersymmetries for K3, CY3, CY4 and CY5 respectively.
When the Calabi-Yau manifolds are constructed via decomposable line bundles over
the Riemann surface, the K3 surface essentially allows for a unique topological twist
while for the other Calabi-Yau manifolds there are infinitely many topological twists
which are specified by the degrees of the line bundles. In particular we have analyzed
the two wrapped M2-branes around a holomorphic genus g > 1 curve exploring a K3
surface based on the topologically twisted BLG-model. We have found the N = 8
superconformal gauged quantum mechanics (5.50) that may describe the low-energy
dynamics of the wrapped M2-branes in a K3 surface. It is known that [28, 29, 30] there
are the connections of the gauged quantum mechanics to the conformal mechanical
models, the Calogero model and their generalizations. An interesting question is what
type of interaction potential, if it exists, may characterize our superconformal gauged
quantum mehcanics (5.50). This remains open issue for future investigation.
There are a number of future aspects of the present work. In particular, they
contain the following impressive subjects:
1. AdS2/CFT1 correspondence
One of the most appealing programs relevant to our work is to attack the
AdS2/CFT1 correspondence. This is the most significant case of AdSd+1/CFTd
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correspondence [47] in that all known extremal black holes contain the AdS2
factor in their near horizon geometries.
It has been discussed in [48, 49] that the motion of the particle near the horizon of
the extreme Reissner-Nordstro¨m black hole is described by the (super)conformal
mechanics. Since such black holes can be alternatively described by the wrapped
M2-branes around a compact Riemann surface in M-theory, we expect that
our superconformal quantum mechanics provides further examples and the M-
theoretic interpretation.
It has been pointed out in [50, 51] that the correlation functions of the DFF-
model [12] have the expected scaling behaviors although one cannot assume the
existence of the normalized and conformal invariant vacuum states in conformal
quantum mechanics as in other higher dimensional conformal field theories. We
would like to extend the analysis to superconformal quantum mechanics includ-
ing our models.
2. Indices and the reduced Gromov-Witten invariants
The formula for the numbers of genus g curves in a K3 surface, the so-called
reduced Gromov-Witten invariants [52] has been firstly proposed by Yau and
Zaslow in the analysis of the wrapped D3-brane [53]. Closely related to their
setup, our N = 8 superconformal gauged quantum mechanics (5.50) appears
from the wrapped M2-branes instead of the D3-brane. It would be interesting to
compute the indices and to extract enumerative information and structure from
our model.
3. 1d-2d relation
In analogy with the fascinating stories arising from the compactification of M5-
branes, for example, the AGT-relation [54], the DGG-relation [55] and the 2d-4d
relation [56], it would be attractive to find the relationship between the supercon-
formal field theories and the geometries or relevant dualities from M2-branes, i.e.
“1d-2d relation”. It has been observed in [57] that the WDVV equation [58, 59]
and the twisted periods [60, 61] which are relevant to two-dimensional geome-
tries and topological field theories appear from the constraint conditions for the
constructions of N = 4 superconformal mechanics. It would be interesting to
investigate whether our M-theoretical construction of superconformal quantum
mechanics could help to understand and generalize such relations.
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